GLOBAL DYNAMICS ABOVE THE GROUND STATE ENERGY 
FOR THE CUBIC NLS EQUATION IN 3D 

K. NAKANISHI AND W. SCHLAG 

^^ ■ Abstract. We extend the result in 0^ on the nonhnear Klein-Gordon equa- 

p^ , tion to the nonlinear Schrodinger equation with the focusing cubic nonlinearity 

, ' in three dimensions, for radial data of energy at most slightly above that of 

C^ , the ground state. We prove that the initial data set splits into nine nonempty, 

pairwise disjoint regions which are characterized by the distinct behaviors of the 
solution for large time: blow-up, scattering to 0, or scattering to the family of 
ground states generated by the phase and scaling freedom. Solutions of this lat- 
ter type form a smooth center-stable manifold, which contains the ground states 
PLh ' and separates the phase space locally into two connected regions exhibiting blow- 

■^ , up and scattering to 0, respectively. The special solutions found by Duyckaerts, 

Roudenko [19], following the seminal work on threshold solutions by Duyckaerts, 
Merle [IH], appear here as the unique one-dimensional unstable/stable manifolds 
2 ' emanating from the ground states. In analogy with [37|, the proof combines the 

hyperbolic dynamics near the ground states with the variational structure away 
from them. The main technical ingredient in the proof is a "one-pass" theorem 
fvj ', which precludes "almost homoclinic orbits", i.e., those solutions starting in, then 

^ ' moving away from, and finally returning to, a small neighborhood of the ground 

lO ! states. The main new difficulty compared with the Klein-Gordon case is the lack 

CN ' of finite propagation speed. We need the radial Sobolev inequality for the error 

estimate in the virial argument. Another major difference between [47j and this 
paper is the need to control two modulation parameters. 
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1. Introduction 
The local well-posedness of the cubic NLS equation 

idtu — Au = \u\'^u (1.1) 



in the energy space if ^ is classical, see Strauss |55], Sulem, Sulem [56], Cazenave [TT 
and Tao [57j. One has mass and energy conservation 



M{u) = -||m||2 = const. 
E(u) = -IIVmIIo — 7\\u\\t = const. 



;i-2) 



where || ■ ||p denotes the Lp(M^) norm. Data with small H^ norm have globally 
defined solutions which scatter to a free wave. In the defocusing case it is known 
that all energy solutions scatter to zero, see Ginibre, Velo [23], [23]. In contrast, 
(11. ip is known to exhibit energy data for which the solutions blow up in finite time. 
In fact, Glassey [25] proved that all data of negative energy are of this type provided 
they also have finite variance. The latter assumption was later removed in the radial 
case by Ogawa, Tsutsumi [15] . 

Eq. (II. ip possesses a family of special oscillatory solutions of the form u(t,x) = 
g-ita +*^Q(x,a) where a > and 

-AQ{;a) + a^Q{;a) = \Q\^Q{;a) 

There is a unique positive, radial solution to this equation called the ground state, 
see Strauss [53], Berestycki, Lions [7], Coffman [13], Kwong [10]. It is characterized 
as the solution of minimal action. Letting modulation and Galilean symmetries 
act on these special solutions u{t,x) generates an eight-dimensional manifold of 
solitons. In the radial case, the manifold is only two-dimensional. 

The question of orbital stability of these solitons in the energy space was settled 
by Weinstein [60], [61], Berestycki, Cazenave [6], and Cazenave, Lions [12]. A gen- 
eral theory which covers this case was developed by Grillakis, Shatah, Strauss [2S] . 
[22]. The cut-off in the power |m|^~^m in the n-dimensional case turns out to be the 
L^ critical one po = - + 1, with p > po being unstable and p < po stable. In par- 
ticular, the cubic NLS ( 11. ip is unstable. Recently, Holmer, Roudenko [31] showed 
that for all radial solutions u with mass ||m||2 = IIQII2 and energy E{u) < E{Q) 
there is the following dichotomy: if ||V'u||2 < HVQIh one has global existence and 
scattering (as |t| -> 00), whereas for ||Vm||2 > ||V(5||2 there is finite time blowup 
in both time directions. The radial assumption was then removed in Duyckaerts, 
Holmer, Roudenko [17]. Note that the mass condition is easily removed by scal- 
ing, with M{u)E{u) being the natural scaling-invariant version of the energy, and 
with M(m)||V'u||2 replacing HVmIH. It follows from the variational properties of Q 
that these regions are invariant under the NLS fiow. The methods in both papers 
follow the ideology of Kenig-Merle [33], [2S] which in turn use the concentrated 
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compactness decompositions of Bahouri, Gerard [1], Merle, Vega |16], as well as 
Keraani [37]. 

In a different direction, in recent years several authors have studied conditional 
asymptotic stability for the case of (11. II) as well as other equations, see [51], [38], and 
Beceanu [1]. This refers to the fact that solitons remain asymptotically stable even 
in the unstable case provided the perturbations are chosen to lie on a manifold of 
finite codimension near the soliton manifold. The number of "missing" dimensions 
here equals the number of exponentially unstable modes of the linearized equation. 
In the case of NLS this number equals 1. These investigations are related to the 
classical notion of stable, unstable, and center-stable manifolds in dynamical sys- 
tems, see Bates, Jones [2] and Gesztesy, Jones, Latushkin, Stanislavova [22j for a 
development of these ideas applicable to NLKG and NLS. 

In this paper we find that the center-stable manifolds act as boundary between 
a region of finite time blow-up and one of scattering to zero. In what follows 



S^:={e''Qi-,a)\eeR}, S := \J S^, 



o>0 

and we set Q = Q{-, 1) for convenience. Then Q{x, a) = aQ{ax) and M(Q(-, a)) = 
a~^M{Q). First, we present the following result which does not rely on the notion 
of a center-stable manifold. Let Ti = H^^^{R^) and 

W ■.= {uen\ M{u)E{u) < M{Q){E{Q) + e^)} (1.3) 

'Hl:=Wn{ue'H\ M{u) = M{Q{-, a))} (1.4) 



as well as 



for any a > 0. 

Theorem 1.1. There exists e > small such that all solutions of (11.11) with data 
in Til exhibit one of the following nine different scenarios, with each case being 
attained by infinitely many data in Tif : 

(1) Scattering to for both t — )■ ±oo, 

(2) Finite time blowup on both sides ±t > 0, 

(3) Scattering to as t —)■ oo and finite time blowup in t < 0, 

(4) Finite time blowup in t > and scattering to as t ^ — oo, 

(5) Trapped by Si for t — > oo and scattering to as t ^ — oo, 

(6) Scattering to Q as t -^ oo and trapped by Si as t ^ — oo, 

(7) Trapped by Si for t — )> oo and finite time blowup int<0, 

(8) Finite time blowup int>0 and trapped by Si as t -^ — oo, 

(9) Trapped by Si as t ^ ±oo, 

where "trapped by Si" means that the solution stays in a 0{e) neighborhood of Si 
relative to H^ forever after some time (or before some time). The initial data sets 
for (l)-(4), respectively, are open in 1-L\. The set of data in H^ for which the 
associated solutions of (II. ip forward scatter, i.e., (1) U (3) U (6), is open, pathwise 
connected, and unbounded; in fact, it contains curves which connect to oo in H^ . 

The reason behind the number 9 is simply that all combinations of the three 
possibilities at t = +oo (blowup, scattering, trapping) and the corresponding ones 
at t = — oo are allowed. The theorem applies to solutions of any mass by rescaling. 



4 K. NAKANISHI AND W. SCHLAG 

More precisely, if m G H^, then the statement remains intact with Si replaced by 
Sa and "trapped" by Sa now meaning that dist(M,5a) < s where the distance is 
measured in the metric 

\\-\\Hy.= {a-^-\\l. + a\\-\\iy. (1.5) 

As in |47j , the main novel ingredient is the "one-pass theorem" , see Theorem 14.11 
below. It precludes almost homoclinic orbits which start very close to Si and 
eventually return very close to Si. In combination with an analysis of the hyperbolic 
dynamics near Si which results from the exponentially unstable nature of the ground 
state solution, this allows one to show that the fate of the solution is governed by 
a virial-type functional K after it exits a neighborhood of Si. 

Using some finer spectral properties of the Hamiltonian obtained by linearizing 
the NLS equation around Q, see Proposition IB.lt we can formulate the following 
stronger statement which describes in more detail what "trapping" means. In this 
case it is better not to freeze the mass. In other words, we work with the full set H^. 
We require the following terminology: 

Definition 1.1. Let m(0) G "H^ define a solution u(t) of (11. ip for all t > 0. We say 
that u forward scatters to S iff there exist continuous curves 9 : [0, oo) -^ M and 
a : [0, oo) — > (0, oo), as well as Mqo ^ "H such that for alH > 

u{t) = e''^''>Q{; a{t)) + e-**^Moo + ^(t) (1-6) 

where ||r2(t)||j:/i — )■ as t — )■ oo, a(t) — )■ 0^0 > as t — )■ 00. 

Note that one then necessarily has 

M{u) = M{Q{; a^)) + M{uoo) = a^'M{Q) + M{u^) 



E{u) = E{Q{-,aoo)) + -IIVM00II2 = ttoo^(Q) + -IIVM00II2 



whence (using that E{Q) = M{Q) > 0), 

-1||V7 ||2 , II ||2 , IkoollillVMoolli ^^ 2 M{Q) .E{u) 

c.^l|V.oo||2 + c.^lKll2+ ^^^Q^ <2e, -J^<-^<^^y (1-8) 

and in particular, we conclude that ||moo||//i < £, that aoo is bounded from both 
above and below, and that M{u)E{u) > M{Q)E{Q). 

The heuristic meaning of (11. 6p is simply that u asymptotically decomposes into 
a soliton e^^°°^^^Q{-, aoo) plus an if ^-solution to the free Schrodinger equation (how- 
ever, the phase 6*00 is not precisely the one associated with Q{-,aoo) which would 
mean — ta^ + 7oo)- In fact, in those cases where we can establish (II. 6p we will be 
able to obtain finer statements on 6 and a, cf. Section [71 

Theorem 1.2. There exists e > small such that all solutions of (ll.ip with data 
in W exhibit one of the nine different scenarios described in Theorem \l.l[ provided 
we replace "trapped by Si" with "scattering to S". Moreover, each case is attained 
by infinitely many data in 'W . The sets (5) U (7) U (9) and (6) U (8) U (9) are 
smooth codimension-one manifolds in the phase space Ti. Similarly, (9) is a smooth 
manifold of codimension two, and it contains S. 
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Using common terminology from dynamical systems, see for example Hirsch, 
Pugh, Shub [30], Vanderbauwhede [52], and Bates, Jones [2], we can say that (5) U 
(7) U (9) and (6) U (8) U (9) are the center-stable manifold A4cs, resp. the center- 
unstable manifold J^cu, associated with Q — modulo the symmetries given by a 
and 6. Since center manifolds are in general not unique it might be more precise to 
say "a center-stable manifold" here. However, our manifolds are naturally unique 
for the global characterization in Theorem ll.il Similarly, (9) is the center manifold 
of Q, again modulo the symmetries given by a and 6. 

Every point p & S has a neighborhood B^{p) of size < e relative to the metric (II. 5p 
with a = M{Q)/M{p), such that B^{p) is divided by Aics into two connected 
components; all data in one component lead to finite time blow-up for positive 
times, whereas all data in the other lead to global solutions for positive times which 
scatter to zero as t — )■ -|-oo. All solutions starting on A^^s itself scatter to S in the 
sense of (11. 6p as t — )■ +oo. 

The study of stable/unstable/center-stable manifolds near equillibria of ODEs 
(also in infinite dimensions) has a long history in dynamics. In fact, their exis- 
tence for the cubic NLS (II. ip was shown in [22\ and [2]. However, in contrast to 
Theorem 11.21 no results are obtained there concerning the long-time behavior of the 
solutions on the center manifold. The unique (up to the modulation and dilation 
symmetries) one-dimensional stable/unstable manifolds emanating from Q are char- 
acterized by the requirement that u{t) — )■ e~**(5 in H^ exponentially fast as t — )■ cxd 
or t — )• — oo. Clearly, the corresponding solutions must have energy equal to that 
of Q. The same definition applies to S with Q being replaced by e~**" '^^^°Q{-, a). In 
our work these one- dimensional manifolds (up to the symmetries) appear naturally 
in the form of those solutions found by Duyckaerts, Roudenko [19J. It is important 
to note that we can therefore completely describe the global (i.e., both as t — )■ oo 
as well as t — )■ — oo) behavior of the stable/unstable manifolds in this setting. 

Theorem 1.3. Consider the limiting case e — )■ m Theorem \l.l[ i.e., all the radial 
solutions satisfying E{u) < E{Q) and M{u) = M{Q). Then the sets (3) and (4) 
vanish, while the sets (5)- (9) are characterized, with some special solutions W± 
of (11.11) . as follows: 



:i.9) 



The sets (5)U(7)U(9) form the stable manifold, whereas (6)U(8)U(9) are the unstable 
manifold of Q, up to the modulation symmetry. In other words, solutions in (5), (7) 
and (6), (8) approach a soliton trajectory in Si exponentially fast as t —t- oo or t ^>- 
— oo, respectively. An analogous statement holds without the mass constraint, but 
then these sets take the form {e^^ aW±{a'^ {t — to) , ax)} , {e^^aW±{—a'^{t + to),ax)}, 
resp. {e~**^*" '^^^Q{-,a)}, where 9, a vary. 

This paper is organized as follows. In Section [2] we review some variational 
properties of the ground state and discuss the linearized operators. In Section [3] we 
present the modulation method which we use in the proof of Theorem 11.11 Since 
Theorem 11.11 is closer to orbital stability than asymptotic stability, the modulation 



V) — : — !/) 

(5) = 


„„ J — 
= {e''W.{t-to) to,9eR}, 


(Q) = {e^0W4-t - to) \to,9eR} 


(7) = 


= {e''W4t - to) to,eeR}, 


(8) = {e*^W^+(-t - to) |to,^GM} 


(9) = 


= {e-*(*+^)g 9 e R}. 
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approach of Section [3] is less precise but easier to work with than the one usually 
employed in asymptotic stability theory. Section H] presents the one-pass theorem, 
and is of central importance to the entire paper. The proof of that theorem is 
more involved than in the Klein-Gordon case ^7\, due to the lack of finite speed 
of propagation. We will modify Ogawa-Tsutsumi's saturated virial identity [H] in 
the radial energy space, fitting it in the variational argument away from the ground 
state. Section [5] shows by a Kenig- Merle type argument [35], that those solutions 
which are guaranteed by the one-pass theorem to exist for all positive times actually 
scatter to zero. The proof of Theorem II. II is then given in Section [61 Up until that 
point, our arguments do not require any fine spectral properties of the linearized 
NLS Hamiltonian. This changes in Section [7] where we construct the center-stable 
manifold in the radial energy class near Q following the method in [21] and [5] (we 
remark that Beceanu |5j| has constructed the manifold in H^ without any radial 
assumption). Some of the aforementioned spectral properties are - at least for 
the moment - only known via numerically assisted arguments, see [16] and [31] as 
well as Proposition IB. II More precisely, for the structure of the real spectrum we 
rely on the recent work of Marzuola and Simpson [H] which is partially numerical 
(in the spirit of Fibich, Merle, Raphael [21] )• The construction of the manifold 
relies on a novel dispersive estimate due to Beceanu [1] which allows for small hut 
not decaying and purely time- dependent lower-order perturbations to a Schrodinger 
operator. We rederive what is needed from [1] in our setting in Section [Bl Section [8] 
presents the proofs of Theorems 11.21 and 11.31 and they require the center-stable 
manifold of Section [71 Section [XI recalls some basic results related to the scattering 
theory of (II. ip such as the Bahouri-Gerard decomposition in this setting, and the 
perturbation lemma needed for the Kenig- Merle method, and Section O gives a 
proof for some radial Sobolev-type inequalities. 

The research in this paper as well as that of [47j is part of the wider area encom- 
passing dispersive equations and their global existence theory on the one hand, and 
the theory of unstable equilibria such as the ground state soliton on the other hand. 
Especially for the L^ critical NLS equation substantial progress has been made 
on the very delicate blowup phenomena exhibited at and near the ground state. 
The LP' critical equation is special due to its invariance under the pseudo-conformal 
transformation, see for example [TT] . Applying this class of transformations to the 
ground state Q gives rise to a solution blowing up in finite time, and it is unique with 
this property at exactly the mass of Q, see Merle [42]. Bourgain, Wang [8j studied 
the conditional stability of the pseudo-conformal blowup on a submanifold of large 
codimension, and Krieger and the second author [39j established the existence of 
a codimension 1 submanifold (albeit with no regularity and in a strong topology) 
for which these solutions are preserved. The conjecture that the pseudo-conformal 
should be stable under a codimension 1 condition is due to Galina Perleman |49j. 

A sweeping analysis of the stable blowup regime near the ground state for the 
L^-critical case was carried out by Merle, Raphael [13] in a series of works, pre- 
ceded by ^9] which established the existence of the so-called log log blowup regime. 
Very recently Merle, Raphael, and Szeftel [35] proved that the Bourgain- Wang so- 
lutions are on the threshold between the log log blowup and the scattering regimes. 
In [33] Merle, Raphael and Szeftel were able to transfer some of the techniques from 
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the critical case to the shghtly L^-supercritical one and estabhshed stable blowup 
dynamics near the ground state in that case. 

The L^-critical instability of the ground state is algebraic in nature rather than 
exponential, and thus very far from the considerations in this paper. We emphasize 
that the hyperbolic dynamics is exploited strongly in our arguments. In addition, 
we rely heavily on the radial assumption, for example in the virial argument. 

2. The ground state and the linearized operator 

In this section we recall some variational and spectral properties around the 
ground states. The scaled family of ground states Q{a) = Qa '■= aQ{ax) solves 

- AQ, + «2g^ = Ql 

W'^QX = a\\VQ\\l WQX = aWQWi \\QX = ""iQII'- 

Differentiating in a yields 

{-A + a^-3Ql)Q'^ = -2aQ^. (2.2) 

The relevant functionals in this paper are defined as 

E{u) = \\Vu\\l/2 - \\u\\t/4, M{u) = \\u\\l/2, 
J{u) = \\Vu\\l/2+\\u\\l/2-\\u\\l/4, 



(2.1) 



3 

K{u) = ||Vn||2--||M||4, 



(2.3) 



the first three being the conserved energy, mass, and action, respectively. The func- 
tional K results from pairing J'{u) with (xV + Vx)u/2, the generator of dilations. 
By construction, Q is a critical point of J, i.e., J'{Q) = whence also K{Q) = 0. 
Moreover, the region 

M{u)E{u) < M{Q)E{Q) (2.4) 

is divided into two connected components by the conditions {K > 0} and {K < 
0}. The quantity ME in (12.41) is scaling invariant and was used by Holmer, 
Roudenko [21] in their scattering analysis. The aforementioned division into two 
connected components is intimately linked to the following minimization property. 
Define positive functional G and / by 






(2.5) 



2 2' 

Lemma 2.1. We have 

J{Q) = inf{J(y?) \0^^eH\ K{ip) = 0} 

= mi{G{^) \0^^eH\ K{^) < 0} (2.6) 

= inf{/(^) \0^ipeH\ K{^) < 0}, 

and these infima are achieved only by e^^Q{x — c), with 6 eM. and c eM.^. 
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For the proof, see for example [Ul Lemma 2.1] and [331 Lemma 2.3]. In particular, 
J{(p) < J{Q) implies either cp = 0, K{(p) > or K{(p) < 0. 
Next, consider a decomposition of the solution in the form 

u = e'%Q + w). (2.7) 

Inserting this into NLS yields 

iw = e"*^(AM + \u\'^u + 9u) 

= {A + e){Q + w) + \Q\^Q + 2\Q\^w + Q^W + 2Q\w\^ + w^Q + \w\^w (2.8) 

= {1 + e){Q + w) ~ Cw + N{w), 

The M-linear operator C defined bju 

Cw:= -Aw + w-2Q^w-Q^w, (2.9) 

is self-adjoint on L^(R^; C) with the inner product 



{f\g):=Re / f{x)gix)dx, (2.10) 

and N{w) is the nonlinear part defined by 

N{w)=2Q\w\^ + Qw^ + \w\'^w. (2.11) 

Note that iC is symmetric with respect to the symplectic form 



^{f,9) ■= Im / f{x)g{x)dx = {if\g) 

i.e., Q{iCf,g) = VL{iCg, /). The generalized eigenfunctions of iC are as follows: 

iCiQ = 0, iCQ' = -2iQ, iCe± = ±fi&±, (2.12) 

where /i > 0, 

Q' = dc,Qa\a=i = {l + rdr)Q, (5± = <^ ^ #, (2.13) 

and with ip, ip real- valued. In terms of the real and imaginary values, these equations 
are 

L_Q = 0, L+g' = -2g, L_iIj = i^if, L+if = -lii) (2.14) 

with 

L_ = -A + l-Q^ L+ = -A + l-3g2 (2.15) 

The existence of (p, ip is standard and follows from the minimization 

min{(v^L+^/Zr/|/) I 11/11^ < 1} < (2.16) 



Recall that L_ > and ker(L_) = {Q}. In other words, (L-/!/) > ||/||^i if / ± Q. 
After appropriate normalization of {(p,ip), we have 

{^^Q\Q') = -{Q\Q') = M{Q), (*0+|0-) = 2{^\i;) = 2(L_V^|^)/^ = 1, 

= {Q\&±) = {zQ'\&±) = {^\Q) = {iP\Q'). ^- ' 



We need not extend £ as a C-linear operator until Section 7, where we introduce a different 
notation. Hence the linear algebra for C is always carried out in the sense of an R-vector space. 
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Moreover (V'lQ) 7^ and so we can choose {ip\Q) > 0. To see this, suppose ip -L Q, 
then {p ± L^Q = —2Q^, and so by Lemma 2.3 of [Hj, < {L+{p\{p) = —fi{ip\Lp) < 0, 
which is a contradiction. 

The symplectic decomposition of L^(R'^; C) corresponding to these discrete modes 
is uniquely given by 

f = aiQ + bQ' + c+(S+ + c_(S_ + r], 

a={if\Q')/M{Q), b=-{f\Q)/M{Q), c± = ±(^/|0^), ^^'^^^ 

One has = {ri\Q) = {ir]\Q') = {iri\(3±) and the symplectic projections onto 
{iQ,Q'y^ and onto {(Si}'-*- commute. 

We apply the symplectic decomposition to w. Then, writing 7 = aiQ + bQ' + tj 
one has 

u = e'\Q + w) = e'%Q + A+0+ + A_0_ + 7) (2.19) 

The justification for including the "root"-part (i.e., the zero modes) in 7 follows 
from a suitable choice of the symmetry parameters a, 6, see Section [31 The action 
is expanded as 

Jiu) - J{Q) = \{Cw\w) - C{w) = -/xA+A_ + i(£7l7) - C{w), (2.20) 

where the superquadratic part C{w) is defined by 

Ciw) = {\w\^w\Q) + \\w\\yA. (2.21) 

The following lemma will guarantee the positivity of the 7 component in (I2.20p . 
Lemma 2.2. Let f,gy^O be real-valued, radial and satisfy 

(m) = = {g\Q'). (2.22) 

Then {L+f\f) ^ ||/||^, and {L^g\g) ^ Mj,,. 
Proof. Let f ^0 satisfy / ± ^ and (L+/|/) < 0. Then 

{L^flif) = {f\-fi^) = 0, {L+iflif) = -fi{^P\ip) = -fi/2 < 0, (2.23) 

so / and ip are not colinear, and moreover 

{L+{af + b^)\af + b^) = a\L+f\f) + 6'(L+^|^) + 2ab{L+f\v) < (2.24) 

for any a, 6 G M, which contradicts the fact that L+ has only one nonpositive 
eigenvalue (cf. for example. Lemma 2.3 in |47] ) . 
Next, apply the orthogonal projection of Q to g: 

g = cQ + g', g' ± Q, (2.25) 

then {g\Q') = implies that c = -{g'\Q')/{Q\Q'). Hence 

\\g\\l, ^ c^ + {L_g'\g') < \\g%, ^ {L_g\g) (2.26) 

as desired. D 
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The spectrum of L_ in L^^^ consists of as a ground state (simple eigenvalue), 
[1,00) as essential spectrum (which is absolutely continuous); L+ (again over the 
radial subspace) has a ground state with eigenvalue — fc^ < 0, no other eigenvalues 
in (— A;^,e) where e > 0, and the same essential spectrum as L_. These properties 
are well-known and easy to obtain via variational arguments, see for example ^7\ 
Lemma 2.1]. More delicate is the question of eigenvalues in the gap (0, 1] and what 
the behavior is at the threshold 1. This question turns out to be irrelevant for 
the proof of Theorem II. ![ but is relevant once the center-stable manifold comes 
into play, at least with the approach that is implemented here (Lyapunov- Perron 
method). For the cubic nonlinearity, as it is being considered here, (TH] gives numer- 
ical evidence that L± have no eigenvalues in (0, 1] and that 1 is a regular threshold 
(no resonance there). 

3. Parameter choice 

In this section, we determine the modulation parameters of the ground state part, 
so that we can translate the local arguments from the Klein-Gordon case [17] (where 
the ground state is fixed) to the modulation analysis for NLS. In particular, we will 
derive the ejection lemma and the variational lower bounds in the same spirit as in 
[m Lemmas 4.2 and 4.3]. 

We determine a, explicitly by the equations 

M{u) = M{Q^), {u\e''Q'J < 0, (3.1) 



where {f\g) = J f{x)g{x)dx. Indeed, both formulae can be explicitly solved by 

a = M{Q)/M{u), 9 = lm\og{u\-Q'^). (3.2) 

Since {Qa\Qa) = —a~'^M{Q) < 0, there is a unique solution (a, e*^) G (0, 00) x S^ 
as long as u is close to some e^^Qa- It is easy to see that u = e^'^Qp gives ip = and 
a = /3. Even though this choice of parameters differs from the traditional one used 
in "modulation theory" (see Section [7]for the latter) we find that (13. ip is convenient 
for our purposes. Loosely speaking, up until Section [7] we will be working more in 
the spirit of orbital stability theory, whereas Section [7] requires the finer asymptotic 
stability property and thus a different handling of the modulation parameters. 

The advantage of this choice of (a, 9) is that it is explicit and moreover M{u) is 
conserved in time, and so a is fixed. A disadvantage is that it is nonlinear, in the 
sense that 

{w\Q^) = -M{w), {iw\Q',) = 0, (3.3) 

but this will be a higher order effect that can be ignored (we assume throughout 
this section that w is small). Without loss of generality we now fix 

a = 1, M{u) = M{Q) (3.4) 

and omit a. We can further decompose 

u = e'%Q + w), w; = A+6+ + A_(5_+7, X± = ±{iw\(5^). (3.5) 

Moreover, define 

Ai:=(A+ + A_)/2, A2:=(A+-A_)/2, A:=(Ai,A2). (3.6) 
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SO that the decomposition is written as 

w = 2Ai^ - 2iA2V^ + 7- (3.7) 

The remainder's orthogonahty is given by 

{i\Q) = -\M\1 (^7lQ') = 0, (^7|'S±) = 0. (3.8) 



which, by Lemma 12. 2[ is sufficient for the property 

{^l\l)-\\l\\m- (3.9) 

The equation of is obtained by differentiating = {iu\e^^Q') = {iw\Q'). Using the 
equation of w (12. Sp . as well as {w + 2Q\w) = 0, one concludes that 

{e + 1)[M{Q) - {w\Q')] = {-Cw + N{w)\Q') = -\\w\\l + {N{w)\Q'). (3.10) 

The equation for X± is obtained by differentiating (13.51) . In fact, 

A± = ±{iw\(5^) = {{6 + l)(g + w)-Cw + N{w)\ ± &^) 

= ±I^X± + N±{w), (3.11) 

N±{w) := {N{w) + {6 + l)w\ ± 0^), 

and so A solves 

Ai = fiX2 + Ni{w), Ni{w) = {N{w) + {9 + l)w\iij), 
Aa = Ml + N2M, N2{w) = {N{w) + {6 + l)w\ip). 

Recall the energy expansion 

J{u) - J{Q) = -/iA+A_ + i(£7l7) - C{w) 

= fi[Xl-Xl] + l{C^\l)-Ciw). 
We therefore define the linearized energy norm to be 

ll^lll := /^lAp + \{C^\l) = ^{Xl + A^J + ^(£7l7) ^ ll^ll^i, (3.14) 

where we used Lemma 12.21 for the final step. Furthermore, we define the smooth 
nonlinear distance function in such a way that, still under the mass constraint 
M{u) = M{Q), 



(3.12) 



(3.13) 



dliu) ~ inf \\u-e'^Q\\]r, 



(3.15) 



dqi^) = Iklll - xi\ME/i2SE))C{w) if dgiu) « 1, 

where (J^; <^ 1 is chosen such that 

\\v\\e < ^5e =^ \Civ)\ < \\v\\l/2. (3.16) 

The smooth cut-off x(^) is equal to one on \r\ < 1 and vanishes for \r\ > 2. To see 
the consistency of the above two properties, let u = e^^Q + f be a minimizer for 

distj:/i(M,iSi) = inf ||m — e*^(5||_ffi. 
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Then {w\iQ') = implies that {e-'%\iQ') = sin(/3 - e)M{Q), and so 

\\v\\h-^ > inf \(3 -9 + kn\ 

fcez 

as long as v is small. The case of k odd can be eliminated here via the sign in (13. ip . 
Indeed, by the second condition in (13. ip . 

- cos(/3 - e){Q\Q') > Re{v\e'^Q') (3.17) 

which excludes that [5 — 9 lies near an odd multiple of vr. Therefore, 

\\w\\e ^ \\w\\m < hWm < \\w\\m. (3.18) 

By the same argument, if u = e^^Q + f is an L^ distance minimizer, then 

l/3-^l <disti2(u,5i), (3.19) 

provided that the right-hand side is small enough. 

In the region dqiu) <^ 1, the distance function dq enjoys the following properties: 

||w;|||/2 < dliu) < 2\\w\\l, dliu) = \\w\\l + 0{\\w\\l), 
dgiu) <6e ^ dliu) = J{u) - J{Q) + 2^A?. 
Hence as long as dqiu) < 6e we have 

dtdliu) = 4/iAiAi = VA1A2 + 4fiXiNi{w). (3.21) 

Lemma 3.1. For any u G "Hi satisfying 

J{u) < J{Q) + dq{uf/2, dqiu) < Se, (3.22) 

one has dq{u) c^ |Ai| = — sAi for 5 = ±1. 
Proof (13:201) yields 

dl{u) = J{u) - J{Q) + 2/iA? < dl{u)/2 + 2fiXl (3.23) 

and so, fJ,Xl/2 < \\w\\'^/2 < dq^u) < ifiXf. The second inequality sign uses (I3.20p . 
whereas the final one uses (I3.23p . D 

It will be convenient to relate dq{u) to the L^ distance, taking advantage of the 
H^ subcriticality of our nonlinearity. 

Lemma 3.2. Let u G T-Li satisfy 

\\u\\m < 1, J{u) - J{Q) « 4, J{u) - J{Q) < dq{uf/2. (3.24) 

Then we have 

distL2(M,5i) = inf ||M-e*^Q||2 > m.m{dq{u) , 5%) . (3.25) 

Proof. Consider the decomposition (I2.19P such that 11^112 — di?,tL2{u,Si). This is 
legitimate by (I3.19p . We may assume dist L^^iu, Si) <^ 5%. Then using Gagliardo- 
Nirenberg, we obtain 

\C{w)\ < \\w\\^ « 4, |A±| < ||u;||2 « 4, (3.26) 
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and so from fl2.20p . 

hll^, c^ ^(£717) = J{u) - J{Q) + /xA+A_ + C{w) « 4, (3.27) 

^ z 

hence dQ{u) < IIwHji/i < |A+| + |A_| + ||7||j:/i ^ 5e- Then the previous lemma 
imphes that dqiu) ~ |Ai|, whence dqiu) < distL2(u,iSi) as desired. D 

The following lemma exhibits the mechanism by which solutions are ejected along 
the unstable mode. 

Lemma 3.3. There exists a constant < (5x < 5e, as well as constants C^^.T^ ~ 1 
with the following properties: Let u{t) he a local solution of NLS in Tii on an interval 
[0,T] satisfying 

R := dQ{u{0)) < 5x, J{u) < J{Q) + i?V2 (3.28) 

and for some to G (0,T), 

dqHt)) >R (0 < Vt < to)- (3.29) 

Then u extends as long as dQ{u{t)) < 6x, and satisfies V t > 

dQ{u{t)) ~ -5Ai(t) ~ -5A+(t) ~ e^^'R, 

|A-(^)l + ll7(i)IU<i? + e'^*i^^ (3.30) 

5K{u{t)) > {e^' - a)R, 

where s = +1 or s = —1 is constant. Moreover, dQ{u{t)) is increasing for t > T^R, 
and \dQ{u{t)) - R\ < R:^ for < t < T^R. 

Proof. Lemma [3.11 yields dqlu) ^ — sAi with s = ±1 fixed, as long as i? < dqiu) < 
6e- The exiting condition (13.291) implies 9i(iQ(M)^|i=o > 0. Since |iVi(w)| < ||u^||^i < 
Xj, we deduce from IK2T\f that -sA2(0) > -|Ai(0)|2 and so A+(0) ~ Ai(0). 
Integrating the equation for \± yields 

|A±(t)-e±^*A±(0)|< [\'^'^'-^^\N^{w{s))\ds< fe'^^'-'^\Xr{s)\'ds, (3.31) 

Jo Jo 

from which by continuity in time we deduce that as long as /2e^* ^ 1, 

Ai(t) ~ A+(t) ~ -s/2e^*, |A±(t) - e±^*A±(0)| < i^'e^'^*. (3.32) 

Now consider the nonlinear energy projected onto the (3± plane: 

E^{\) := -/iA+A_ - C(A+0+ + A_0_), (3.33) 

where C(-) is defined in (12.211) . Using the equation of A±, we obtain 

dtE^ = -/iA+A_ - /iA_A+ - (iV(A+0+ + A_0_)|A+0+ + A_6_) 
= {N{w) - iV(A+0+ + A_0_)|A+0+ + A_0_) 

+ (^ + l)(w|A+0+ + A_C5_) 
<ll7llii|A| + |Ar. 



(3.34) 



(3.35) 
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Hence \dt{J{u) - E^)\ < h\\l,\X\ + \X\\ while 

J{u) - J{Q) -E^ = {Cj\j)/2 - C{w) + C(A+0+ + A_6_) 

and so 

ll7llL^Hi(o,r) ~ 117(0)11^1 + ll7l|Lt°°/fi(o,T)||A||ioo(o_r) + ||A||i4(o,T)' (3.36) 

which is sufficient. Indeed, the desired estimate on 7 follows from (I3.32p inserted 
into (I3.36p . The equation of A2 implies —sX2{t) > i?(e^* ~ 1) ~ 0{R^), hence there 
is T^ ~ 1 such that -sAa > R and dtdq^u) > for t > T.i?. For < t < TM, we 
have |(5iC?Q(M)| < R^ and so |c?q(m) — -R| < -R^. 
Finally, we expand K around Q: 

K{u) = K{Q + w) = {-2Q + L+Q/2|^i) + 0{\\w\\l,) 

(3.37) 
\m)- 



-Ai/i(Q|^)-(2g + g3|^)+0(||u;||2 



Since {Q\ip) > 0, we obtain the desired bound on K from the behavior of Ai. D 

The following lemma gives lower bounds on \K\, which should be used once the 
solution is away from S, or after being ejected from a neighborhood thereof, as 
described by Lemma [3.31 For the definition of the functional I see (12. 5p . 

Lemma 3.4. For any 6 > 0, there exist 60(6), kq, k,i{6), k,2{S) > such that the 
following hold: (I) For any u ETii satisfying J{u) < J{Q) +eo{6)'^, and dq^u) > 6, 
we have 

K{u)<-Ki{5), or K{u)>mm{Ki{6),Ko\\Vu\\l). (3.38) 

(II) For any u &% satisfying I{u) < J{Q) — 5, we have 

K{u) >mm{K2{5),KQ\\S7u\\l). (3.39) 

Proof. Part (I) is proved in the same way as [471 Lemma 4.3]. In fact, the situation 
here is simpler because in contrast to [47] dq does not contain the time derivative 
of the solution and we are dealing with only one K functional. Part (II) is proved 
via an analogous argument. First, since M{u) < I{u) is bounded, the Gagliardo- 
Nirenberg inequality 

hlll<l|VM||^||n||2 (3.40) 

implies that if ||Vu||2 -C 1 then K{u) ~ ||Vm||2. Hence we may assume that 
ll^'^lb ^ 1- Suppose towards a contradiction that m„, G 1-i satisfy /(u„) < J{Q) — 5, 
||Vm„||2 ^ 1 and K{un) — )■ 0. Since both /(u„) and K{un) are bounded, the 
sequence {«„} is bounded in H^. Hence by extraction of a subsequence, we may 
assume that u„ — )■ u^o weakly in H^ and strongly in L'^. Then /(uqo) < JiQ) ~ ^ 
and K{uoo) < 0, so Lemma 12.11 implies that u^ = 0, hence WunWi — > 0, which 
contradicts that ||Vu„||2 ^ 1 and K{un) — )■ 0. D 

Combining the above lemmas, we can now define the sign function & which 
determines the fate of solutions passing by S. The proof is the same as for the 
analogous statements [ITJ Lemmas 4.4 and 4.5]. 
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Lemma 3.5. Let 5s '■= 5x/{'^C^) > where 6x and C^, > 1 are the constants from 
Lemma \3. 31 Let < 5 < ^5 and 

Uis) ■■= {ueUil J{u) < J{Q) + mm(rfQ(M)V2, £o(5)')}, (3.41) 

where Sq^S) is given by Lemma \3^ Then there exists a unique continuous function 
& : 7/(5) — 7- {±1} satisfying 



(3.42) 



u e 71(6), dq^u) < 6e =^ &{u) = -signAi, 
u e H^s), dqiu) > 5 =^ &{u) = signK{u), 

where we set signO = +1. In addition, we have 

sup{||m||^i I u e n^^ss), &{u) = +1} < 1. (3.43) 

4. ViRIAL ARGUMENT AND THE ONE-PASS THEOREM 

In this section we establish the following one-pass theorem by means of a suitable 
virial argument. 

Theorem 4.1. There exist < e:* <^ i?* -C 1 with the following property: let 
u G C([0,T);?/) he a forward maximal solution of (11. ip satisfying M{u) = M{Q), 
J{u) < J{Q) + e^ and dQ{u{0)) < R for some e G (0,£:*] and R G {2e,R^]. Then 
one has the following dichotomy: either T = 00 and dQ{u{t)) < R + R^ for all 
t > 0, or dQ{u{t)) > R + R^ on t^ < t < T for some finite t* > 0. In the latter 
case, &{u{t)) G {±1} does not change on t^, < t < T; if it is —1, then T < 00, 
whereas if it is +1, then T = 00. 

In the Klein- Gordon case, we were able to use the same R for the dichotomy 
because the distance function was strictly convex in t. For NLS it may exhibit 
oscillations on the order of 0{R^), and so we need some room (we chose R"^) to 
ensure a true ejection from the small neighborhood. 

In Section Owe will show that the solution in fact scatters to zero if ©(^(t)) = +1 
for large time. The proof of Theorem 14.11 will take up this entire section. In fact, 
most work goes into proving the no- return statement, as the finite time blowup 
vs. global existence dichotomy then follows easily. Indeed, the global existence in 
the & = +1 region readily follows from the a priori H^ bound in Lemma [3. 5[ 

We now turn to the details. We may assume that u does not stay very close to 
S for all t > 0, so that we can apply the ejection Lemma 13.31 at some time t* > 0. 
Recall Ogawa-Tsutsumi's saturated virial identity [Ml (3.5)] 

dt{4>mU\iUr) = I 2\Ur\^dr4>mdx — |MpA(9f./2 -|- 1 /r )</)„, dx 

(4.1) 
\u\'^{dr/2 + l/r)(j)mdx, 

where the smooth bounded radial function 0^ is chosen as follows: 

0^(r) = m(l)ir/m), 0„(O) = < (jy'^ir) < 1 = 0:„(O), ^(r) < 0. (4.2) 

Notice that with this choice of (pm, eq. (14.11) is not merely a cut-off of the virial 
identity, but rather a "smooth interpolate" of the latter with the Morawetz estimate 
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for large |x|. This is indeed crucial for the following arguments, which are slightly 
more delicate than those in pH] . 

The idea (as in ^7]) is now to combine the hyperbolic structure of Lemma [3.31 
close to S with the variational structure in Lemma 13.41 away from S, in order to 
control the virial identity through K{u). We choose (5* > as the distance threshold 
between the two regions in "Hi: for dqiu) < 5^. we use the hyperbolic estimate in 
Lemma I3.3[ and for dQ{u) > 5* we use the variational estimate in Lemma 13.41 
Hence 5*,e*,i?* should satisfy 

e* < i?* < (5* < 6s, £* < eo{6^). (4.3) 

Below, we shall impose further smallness conditions on 5*, /?*,£=„. Afterward, /?=„ 
and then e^ need to be made even smaller in order to satisfy the above conditions, 
depending on 5*. 

Suppose towards a contradiction that u solves the NLS equation (II. ip on [0,T) 
in Til satisfying for some < Ti < T2 < T3 < T and all t G (Ti, T3), 

dgiuiO)) <R = dQ{u{Tr)) = dgiuin)) < dQiuit)), dQ{u{T2)) >R + R\ (4.4) 

as well as J{u) < J{Q) + e^, for some e G (0, £*] and R G (2e, R^]. 

Lemma 13.51 implies that s := &{u{t)) G {±1} is well-defined and constant on 
Ti < t < T3. 

We apply the ejection Lemma [3731 first from t = Ti forward in time. Then by the 
lemma, there exists T[ G (Ti, Ti + T^R) such that dg^uit)) increases for t > T[ until 
it reaches 5x, and dQ{u{T[)) = R + 0{R^) < dQ{u{T2)) < Sx- Hence Ti < T[ < T2, 
and by the lemma there is T" G (T{,T3) such that dQ{u{t)) increases exponentially 
on (T;,Ti"), dQ{u{T'^)) = 5x and on (Ti,T{'), 

dQ{u{t)) ~ e'^^*-^^)/?, 5K{u{t)) > (e^(*-^^) - a)R. (4.5) 

We can argue in the same way from t = T3 backward in time to obtain a time 
interval (T3",T3) C {Ti',^), so that ^^(^(T^')) = ^x, 

dQ{u{t))c^e^^^''-'^R, sK{u{t))>{e^^^^~''>-a)R (T^' < t < T3), (4.6) 

and dQ{u(t)) is decreasing in the region dqiuit)) > R + R^. Moreover, from any 
r G (Tl',T^') where dQiuij)) < 5* is a local minimum, we can apply the ejection 
lemma both forward and backward in time, thereby obtaining an open interval 
Ir C (Ti",r^') so that dQ{u{dIr)) = {6x}, 

dQ(n(t)) ^ e^l*--ldQ(n(r)), sir(n(t)) > (e^l*--l - a)dQ(n(r)) (t G /.), (4.7) 

and dQ{u{t)) is monotone in the region dQ{u{t)) > 2c/Q(-u(r)), which is the reason 
for /,- C (T[',T^'). Moreover, the monotonicity away from r implies that any two 
intervals Ir^ and 1^-2 for distinct minimal points ti and T2 are either disjoint or iden- 
tical. Therefore, we have obtained disjoint open subintervals /i, . . . ,/„ C (Ti,T3) 
with n > 2, where we have either (14. 5p . (14. 6p . or (14. 7p with t = Tj ^ Ij, and at the 
remaining times 

n 

teI':={T,,T,)\[jl„ (4.8) 
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we have dQ{u{t)) > 5*, so that we can apply Lemma WM to obtain 

' K{u{t))>Tmn{Kr{5.),K2\\yu{t)\\l) (s = +1), 
K{u{t)) < -Ki{6.) (5 = -l). ^ ' ^ ' ' 

4.1. Virial estimate in the blow-up case s = —1. In this case, we choose (/) just 
as in 1481: 



r (r < r 

J (^>2), 
and then rewrite (14. ip in the form 



(4.10) 



dt{(j)mU\iUr) = 2K{u) -2 / \Ur\ fo,mdx+ / [|m| /l,m/r + \u\ f2,m\dx, (4.11) 

where /^.m = fj{^/^ are smooth functions supported on r > m, defined by 

/o = 1 - (f)r, h = -r^^{drl2 + l/r)0, h = 3/2 - (5,/2 + l/r)0. (4.12) 
For the L^ error term we use the radial Sobolev inequality as in [18] 

ll«llL4(r>m) ^ "^" lkllL2(r>m)lkr|U2(r>m), (4.13) 

see ( lC.8p . In order to absorb the kinetic term, noting that /q > and I/2I ^ /o; we 
use the weighted version of the above inequality: 



m 

00 



00 ^00 



/o,m(r)|u| {r)r dr = / /o,„(s)|m| {r)r drds 

J m J s 

^ / fo,mis)s~^\\u\\l2(^^^^)\\Ur\\L2(r>s)ds 



m 

00 



(4.14) 
< I /o,m(s) / A|M^|2(r)r2rfrds+ / fo,mis)X'^s-^\\u\\l2^^^,)ds 



< X / fo,m{r)\ur\'{rydr + X~'m-'\\u\\%^,^^^, 

J m 

which holds uniformly for A > 0. Choosing A > small (in terms of the constants 
in those Sobolev inequalities), we obtain 

dt{(i)mu\iur) < 2K{u) + 0{m-%u\\l2(.,y^^)) + 0{m-'^\\u\\l2^^.^^-^) 
< 2K(u) + 0(m 



(4-15) 



We can now prove Theorem 14.11 in the blow-up case 5 = — 1, by integrating (14.15^ . 
combined with (I4.5p - (I4.9I) . We thus obtain 

n „ 

-[{<f)mu\tur)]^l >Y, [(e'^'*""^' - C.)dQ{u{Tj)) - Cm-^] dt 

j=l •' h 

r (4.16) 

+ / [Ki{S,)-Cm'^]dt 

> n6x > Sx, 
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provided that 

m''^<R^, m~^<Ki((5*). (4.17) 

On the other hand, since dQ{u{t)) = R ai t = Ti,T^ and since Q is exponentially 
decaying, 

[{(l)mu\iur)]^^l <R + mR'<R,<^5x, (4.18) 

if we choose m = 1/R. Comparing this bound with (I4.16P leads to a contradiction. 
In conclusion, the solution u{t) cannot return to the i?-ball from the s = — 1 side if 
we choose 5*, -R*, e* > such that 

Rl < «:i(5*) (4.19) 

and (14.31) are satisfied. Therefore, if u extends to t — )• +oo, then T3 = oo and so 
(I4.16P with m = 1/R fixed implies 

m\\Ur{t)\\2 > -{(f)mU\iUr) -^ OO (4.20) 

as t — )■ OO. Hence for large t ^ 1 we have K{u{t)) = 3E{u{t)) — |||V'u(t)||2 — ;• — oo. 
Thus for Ti < Vti < Vts, 

[{^mU\tUr)]ll < - ['WUrimldt, (4.21) 

and so 

m\\Mt2)\\Ll>-Cm\\urih)\\L2+ \\ur{t)\\ldt, (4.22) 

Jti 

which leads to blow-up of ||-Ur(^) II2 in finite time from the blowup exhibited by f'(t) > 
P{t). This concludes the proof of Theorem 14. II in the case s = — 1. 

4.2. Virial estimate in the scattering case s = +1. In this case, the sign- 
definiteness in the variational region becomes more delicate. For simplicity, we 
make a specific choicci for 0: 

(t>{r) = -^, (4.23) 

1 + r 

and rewrite (14. ip in a different way: 

dt{(t)mu\iur) = 2K{xmu) + / [ — 5-/3,™ + \u\'^fi,m] dx, (4.24) 

where Xm('") = x(^/'^) and fj^m{i^) = /i(^/'^) are smooth functions defined by 
X(r) = v^(r) = -^, Mr):=-2\xrir)\' + '^-^''^ - ^ 



1 + r' ■""'''' "^"■' " ' 2 [l + rY 

{A2h^ 
Mrf 0. 0.,. r(2r^ + 7r + 8) 0(r)2 ^^ ^ 

- /4 r := - [-— — - - r = , .^ ^ 

'-2 2 r-^ 2(1 + rp r 

In order to absorb the |u|^ term, we use another radial Sobolev inequality fIC.GP 

/•oo /"OO /"OO 

/ \u\'^rdr < / \u\^r'^dr I \ur\^dr. (4.26) 

Jm Jm Jm 



The important property of (j) in the s = +1 case is that the convergence as r — ?► oo is slow. 
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The same argument as in (14.141) transforms it into 



oo 



HVmrdr < Ml, / \ur\'(Pldr. (4.27) 

'0 Jo 

Since {x'mY — /s.m/"^^, the right-hand side is estimated by 

\ur\^(l>ldr< / i\ixmu)r\^ + m-^\u\^fs,„y dr. (4.28) 

Thus we obtain 

|2 



r r UP 

/ \u\'^U,mdx<m~^ l|V(XmM)||^2 + / -^f3,mdx 



(4.29) 



In particular it is 0{m^^) since u is bounded in H^ by Lemma [3.51 

In the hyperbolic region, the cut-off in K has little impact, since by the same 
expansion as in (I3.37p . we have 

KiXmU) = K{Q + XmW + {Xm " l)Q) 

= ~Xll2{Q\^) - {2Q + Q'lxn,^ + iXrn ' 1){Q + 2Ai</.)) 

= -XMQli') - {2Q + Q'lxml) + 0{\\wfH^ + e-n, 

thanks to the exponential decay of Q. 

In the variational region dglu) > 5*, if ||Vm||2 < /U for some small fi > 0, then by 
Gagliardo-Nirenberg (I3.40p . we have 

KiXrnU) ~ \\VXnM\l- (4-31) 

Otherwise ||Vn||2 > /i and so we have from (14.91) . 

K{u{t)) > K3{6^) := min(Ki((5,),/i) (t G /')• (4.32) 

Hence, if we choose £* > so that 

el < Ks{6,)/6, (4.33) 

then dqi^u) > S^ and J{u) < J{Q) + e^ imply 

I{u) < J{Q) - K3{6,)/3. (4.34) 

Since I{xmu) < I{u), Lemma [3^ (II) yields 

K{Xmu) >m\n{Ki{5^),KQ\\Vxmu\\l), (4.35) 

where tti{5^) := K2(k3(5*)/3). This bound is vahd including the case ||V'u||2 < /i 
(making kq smaller if necessary) . 

Now choose m > 1 so large that we have 

m~^ < min(K4((5*),fi;o) =: i^^i^*)- (4.36) 

Then (HSl) and (14:351) imply 



2K{XmU) 



ImP 



m'^ 



J3,m ~r 1^1 Ji,m 



dx > 0. (4.37) 
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Hence we obtain the monotonicity 

dt{(l)mu\iur)>0, (4.38) 

in the variational region dQ{u) > 6^,, i.e., for t G /', cf. ( 14. 9p . By the same argument 
as in the case of 5 = —1, we now arrive at a contradiction by choosing m > 1/R 
and R^,6^,e^ > so that (i3D, ( 103|) and 

Rl < «:5((5,) (4.39) 

are satisfied. This concludes the proof of Theorem 14.11 

5. Scattering for K > solutions 

In this section we establish the following scattering result, following the proof 
scheme of [35] . Let i?* be a fixed choice of R as in Theorem 14.11 

Proposition 5.1. Let e*,-R* > be as in Theorem \4.1 There exists A/" < oo such 
that if a solution u of the NLS equation (II. ip on [0, oo) satisfies M{u) = M{Q) and 
E{u) < E{Q) + el, as well as dqiuit)) > R^ and &{u{t)) = +1 for all t >0, then 
u scatters to as t ^ oo and ||m||l4((o,oo);L4) < A/". 

Proof. Let U be the collection of all solutions u of (II. ip on [0, cxd) satisfying 

M{u) = M{Q), E{u)<E{Q)+el rfQ(M[0, oo)) C [i?„ oo), 

G{u{t)) = +1 (t > 0). ^ ' ' 

Indeed, Lemma [375] implies that &{u{t)) = +1 is preserved as long as dqiuit)) > 
R^: > 2e, and u{t) is a forward global solution uniformly bounded in H^. Moreover, 
the lower bound on dq implies, by Lemma [3.21 that 

inf distL2(M(t),5i) > min(i?^,5|) = R^. (5.2) 

For each E > 0, let N'{E) be defined as 

M{E) := sup{||M|U4((o,^).i4) \ueU, E{u) < E} (5.3) 

See Section [X] for the relevance of L^^. We know by [31] that Af{E) < 00 for 
E < E{Q). In order to extend this property to E{Q) + el, put 

E^ = snp{E > I Af{E) < 00} (5.4) 

Then E* > E{Q) and assume towards a contradiction that 

E'' = E{Q)+e'<E{Q) + el (5.5) 

where < e < e*. We consider a nonlinear profile decomposition in the sense of 
Bahouri-Gerard [1] for any sequence Un &U satisfying 

E{Un) -^ E\ ||Mn||L4((0,oo);L4) "> OO- (5.6) 

We are going to show that the remainder in the decomposition vanishes in a suitable 
sense and that there is only one profile, which is a critical element, i.e., 

U^ G U, E{U^) = E\ \MLi{iO,oo);Li) = ^o. (5.7) 
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Before starting the decomposition for m„, we translate Un in t to achieve 

rfgKW) > Sx, i^K(O)) > Qel (5.8) 

Since dqiunit)) will never come down to i?*, the ejection Lemma I3l3] gives < T„ < 
log(5x/-R*) so that dq^UniTn)) > Sx- Since & = +1, we have a uniform if^ bound 
on Un and so, in view of Lemma lA.ll together with HMnllL" (o,oo) ~^ ^^j ^^ have 
||V-u„(T„)||2 > fi. Hence by Lemma [3^ 

KiuniTn)) > mm{Ki{6x), /^o/i') > ^^{6,) > Qel (5.9) 

where ^3 is defined in (14.32^ and we used the condition (14.33^ on £*. Translating 
Un '■= Unit — Tn), wc may assume (15. 8p . 

Now apply Proposition IA.2I to the sequence {m„(0)}. This yields, cf. (IA.2p 

o<i<fc 

We take here k sufficiently large so that 7^ is small in the sense of flA.3P : it will 
always be assumed that n is large. The first step consists in showing that due 
to (15. 5p one has v^ = for all but one j as well as 

lim limsup ||7^||l-hi = (5.11) 

By the partition property flA.4p one has 

MiUn) = Yl M(^') + ^(7n) + 0(1) (5.12) 

0<j<k 

as n -^ 00. Assume that M{v°) > and M{v^) > 0. Then M{v^) < M{Q) for each 
j. From fl5^ . J(m„) < J{Q) + el, and f lA.4p . we infer that 

J{Q) ~el> limsup[J(M„) - ir(M„(0))/3] 

n— >oo 

> lim sup ^(^^(O)) = YG{v^) +limsupG(7^), 

n— >oo . , n— >oo 

]<k 

where we used that ^(v^) — ||v^||^i is conserved by the linear fiow. Since G is positive 
definite, we obtain G[v^) < J{Q) — el for all j, which implies, via the minimizing 
property (12. 6p and the invariance of G under the linear fiow, that K{e~^^^v^) > 
for all t G M. Let P^ ^ P^ E [—00, cx)] and let u^ be the nonlinear profile associated 
with v^ , i.e., that solution of (II. ip satisfying 

lim ||n^(t)-e-**Vl|Hi=0, (513) 

C ft' 00 

which exists at least locally around t = P^, either by solving the Cauchy problem 
at t^D ^ ^^ o'^ by applying the wave operator at P^ G {±00}. By the preceding, 

M{u^) = Miy^) < M{Q), K{u^{t)) > V t near t^^ (5.14) 

In particular, E{u^) > 0. We have the following partition of the nonlinear energy 



E{un)= Yl E{u^) + Ei^'jO)) + o{l) 



(5.15) 

0<j<fe 
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as n — 7- oo. Since 

\Mt< \\^u\\l\Ml 
and (lA.Sp imply that E(j^) ~ ||7^||^i provided k is large, we conclude that 

0<E{u^)<\imE{un) = E{Q)+e^ Vj. (5.I6) 

If E{u^) < E{Q) for all j, then we conclude by the preceding and [31j that each u^ 
exists globally and scatters with ||'U-'||5(ir) < 00, where 

S{I):=LrHl{I)n^W'/{I) (5.17) 

is the norm of the Strichartz spaces. But then one has the following nonlinear 
profile decomposition, 

Un = Yl < + 7n + err^, < ■= u'it + t^) ^^^^g^ 

j<k 

where 7^ are as in (IS.lUp . and the errors err^ satisfy 

lim limsup ||err^||5.o(M) = (5.19) 

where 

'5o(/) = ^r^^(/)nLj,(/) (5.20) 

is a subcritical Strichartz norm. To see this, first let w^ be the nonlinear solution 
with the initial condition ti'^(O) = e~**"^f-'. By the local theory 

w^(t)-u^'(t + 4)^0 [n^oo] 

in 5'(/) for some interval / 9 0. Now apply Lemma [A. 31 with 

to = 0, U = Un, W = ^ < + 7^ 

j<k 

to conclude (I5.18p . In order to apply this lemma, one needs to verify that the 
nonlinear interactions between all {u'',^"'^, . . . ,7^}, as well as |7^p7^, vanish in 

the LlLx-woxva. in the limits as n ^^ 00 and then k — )■ 00. However, as usual, 
this follows by expanding the cubic nonlinearity and using the Strichartz control 
available for each of these functions. Since (15.181) contradicts (15.61) . we must have 
that at least one u^ , and therefore exactly one, say m°, satisfies E{u'^) > E{Q). But 
then E{u^) < e^ ^ E{Q) for all j > 1 and these u^ are globally defined and scatter. 
If vP also scatters, then by the same reasoning we get a contradiction. Hence vP 
does not scatter either for t — ;■ 00 or for t — )■ — 00. 

Let vP{t,x) = aM°(a^t,ax) be the rescaling of m° such that M{u^) = M{Q). 
Then 

i5;(^°)<^(i5;(g) + e^), (5.21) 

so we have M{vP) > M{Q) — 0(£^) for otherwise one has global scattering for u^ 
from [31j and therefore a contradiction via (15.181) . Hence a = 1 + 0(£:^). In view 
of f l5:T2|) and ( ISlSjl . J{u^) < e^ for all j > 1. Since 

Jiu')>Giu^it))> ||M^(t)||^i/6 
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for all t and any j > 1, we conclude that H'U-'IIlooj:/! < e for each j > 1. In fact, the 
same logic with the asymptotic orthogonality yields the following stronger bound 



Yl ll^^llir^^ + suplimsup hnlli-z/i ^ ^^ 



.. , fc>i 



(5.22) 



which will be crucial later. 

If t^ = oo, then by the definition u^ scatters as t — )■ cxd, and so one obtains a 
contradiction as before via f IS.lSp . 

If t^ = — oo, then -u" scatters as t — )■ — oo, and we face the following dichotomy: 
either vP satisfies dqivPit)) > 2e^ on its entire interval of existence, or there exists 
some time t* in the interval of existence of vP at which 

dQ(u°(a-^t,)) < 2e,. (5.23) 

In the former case, we infer that &{vP{t)) = +1 is preserved from t = — oo, therefore 
vP exists globally and satisfies dQ{vP{t)) > R^ for large t > T'; for this last statement 
one invokes Lemma [3.31 to obtain ejection, if needed. Then u^{t — T') is a critical 
element, since £t° does not scatter for t — ?■ oo. In the latter case (I5.23p . we have 

\\u^\\LH{-oo,u+c]:Li) < OO with C > 1, 

and thus also (I5.18P on the time interval (— oo,t* — t°). But then, by (15. 22 p . 

disti2(M„(t, - tO), 5i) < dQ{u\a-X)) + 0{e) < £. < i?., 

and t* — 1° — )■ oo, contrary to (15. 2 p for «„. 

The only remaining case is t^ G M. In that case we use the general fact that the 
nonlinear profile decomposition (I5.18P holds locally around t = 0. In addition to 
that, we have by (ESD and ([522]), 

dQ{u^{a-Hl^)) > lim sup dQ{un{0)) - 0{e) > 6s, (5.24) 

n— >oo 

and so e{u%a-Hl^)) = +1 since K{u°{a~Hl^)) = aK{u%tl^)) > 0. If m° scatters 
as t — i- 00, then we obtain a contradiction as before via (I5.18p . Hence u^ does not 
scatter for t — )■ 00. If dQ{a~^u^{t)) > le^ for all t > t[^ on the maximal interval 
of existence of m", then ©(-u*^) = +1 for these t, which implies that m" is forward 
global and a critical element after time translation (use the ejection Lemma 13.31 if 
needed to conclude that dqix^i^y) > R^ for large t). Otherwise, there exists t^ > t'^ 
minimal so that dQ{u^{a~'^t^,) < 2£t,. But then (I5.18P remains valid near t* and one 
again obtains a contradiction to 

distL2(u„(t^ - tl^),Si) > -R* > e*. 

Therefore, the conclusion is that u^ is a critical element after time translation, 

E{u^) = E*, M{u^) = M{Q), and so v^ = for all j > 1 as well as 7^ ^ in the 
energy sense as n — )■ 00. Hence (after extracting a subsequence) 

lim\\un{Tn)-u\4)\\Hi=0, (5.25) 

where T„ is the time shift for (15. 8p . Both T„ and t° are bounded above for ra — t- 00. 
If t° — ;■ —00 then u^ scatters as t — > —00, and the local theory of the wave operator 
implies that llMnlU* j-oo,t„) -> 0. 
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Applying the above result to the sequence Un := u°(t + r„) for arbitrary r„ — > oo, 
one now concludes that the forward trajectory {u^{t)}t>o is precompact in H^, since 
t° — )■ — oo would imply that ||m°||l4 (_oo,t„) ~^ which is a contradiction. 

Finally, integrating the saturated virial identity f l4.24p from Section 14.21 between 
some positive time and t = oo now proves that such a critical element cannot exist. 
Note that K{xmU) has a positive lower bound in the variational region (for large 
m) by the precompactness of the forward trajectory of the critical element. This 
shows that E* < E{Q) + el is impossible, concluding the proof. D 

6. The proof of Theorem 11.11 

Let W and "H^ be as defined in (11.31) . (II. 4p . respectively. We introduce the 
following subsets according to the global behavior of the solution u{t) of (11.11) : for 
(T = ± respectively, 

SI = {u{0) G Til I u(t) scatters as at — )► oo}, 

T;^ = {u{0) G HI I u{t) trapped by Si for at -^ oo}, (6.1) 

Bl = {u{0) G ni I u{t) blows up in at > 0}. 
The trapping for 7^ can be characterized as follows, with any R G {2e, i?*): 

3T > 0, Vt > T, dQ{u{t)) < R. 

Obviously those sets are increasing in e, and have the conjugation property 

X^ = {n(0) G HI I u(0) G X^}, 

for X = S,T, B. Moreover, 5+ and 7+ are forward invariant by the flow of NLS, 
while iS_ and 71 are backward invariant. By what we have done so far 

u\ = siyjriyjB% = s'_yjriyj Bt, 

with the union being disjoint for each sign. It follows from the scattering theory 
that S^ are open (relatively, in "Hf). We claim the same for i3^, which is not a 
general fact. Thus, suppose that u{t) blows up at < T < oo. This is equivalent 
to ||VM(t)||2 — )■ oo as t — !■ T— . Since 

1, 



K{u{t)) = 3E{u) - -\\Vu 



2 

it follows that K{u{t)) — )■ — oo as t — ?■ T— . We now claim that if v{0) G Til with 
||f (0) — u(T')\\h'^ < 1 where T' < T is fixed and very close to T, then t>(0) leads to 
a solution v{t) which blows up in finite time. Suppose not. Then from the energy 
constraint E{v{0)) < E{Q) + s"^ we know that K{v{t)) can only change sign by 
coming very close to Si. But since (I4.15p . with m ^ 1 fixed, implies that {4>mv\iVr) 
decreases on any time interval where K{v{t)) < —1, and since {(f)mv\iVr) = on 
Si, it follows that K{v{t)) < —1 for all t > 0. But then we obtain a contradiction 
via (I4.15p . Thus v blows up in finite time as claimed. Therefore, B^ are also open, 
so 7± are relatively closed in "Hf . 

Since B^ and S^ are disjoint open, they are separated by 7J, that is, any 
two points from S^ and B"^ cannot be joined by a curve in Til without passing 
through 77. 
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In a small ball around Si, it is easy to see by means of the linearized flow that 
the open intersections B'j_nS^, B^ H Bi_ and 5^ fl S'i_ are all non-empty for any 
e > 0. Examples of solutions belonging to the first set are given by data in f l3.5p 

A+(0) = -A_(0) = £p, 7(0) = ag', (6.2) 



with real parameters, -v 


vhence 




m(0) = Q + epe+ - ep(5^ + aQ' 




= Q + aQ'- 2iep^ 


and thus 





(6.3) 



M{u) = M{Q + aQ') + Ae^p^M{i)) 

= M{Q) + a{Q\Q') + a'MiQ') + Ae'p'M{ilj) 



2 2,..,. (6-4) 



where \p\ ^ 1, and a > should be chosen such that M{u) = M{Q). Then the 
linearized flow of Ai(t) is Xi (t) = epsmh.{pt) and ||7*-°''||2 = 0{e^p'^). In fact, the 
estimates f l3.30p show that the true Ai(t),7(t) deviate from these only by quadratic 
corrections 0{e'^p^). Therefore, at exit time from the 5x-ball one has t&{u{t)) of a 
fixed sign. Hence, choosing the sign of p correctly leads to solutions u E B'L r\S^, 
or u E B^nSt, respectively. 

The analogous construction with ±cosh(/it) instead of sinh(/it) furnishes exam- 
ples of solutions u± belonging to B^ HB'L and S^nSt, respectively. It is clear that 
these constructions actually give open nonempty sets of solutions relative to Hf 
(indeed, we can perturb 7(0) within Oi^e^p"^)). 

Next, note that by construction \\u{t) — u^(t)\\Hi <^ £ while dQ{u{t)) ^ e for 
some large times (but before exit from the 5x-ball). It follows that we may connect 
u{t) with u+{t) by a curve segment F within 1-L\ and within the set (5 < and 
dqiu) ^ e. Since u{t) G St and M+(t) G i3i, there exists po ^ 72 H F. Since the 
solution starting from po enters the 3e-ball around 5i as t — t- —00, and initially po 
is much further away and also ©(po) = ~^i we conclude by the one-pass theorem 
that p G Bl^. Hence 72 H i3^ is non-empty as well. In the same way, we can find a 
point on the curve connecting u{t) and U-{t) for some t < 0, which is in 7^ fl 5^. 
Therefore, T^ fl i3^ and 7^ fl iS^ are both not empty. Taking the limit e -^ +0, it is 
easy to observe that they contain infinitely many points on different energy levels. 

The sets 7^ fl 72 contain all of iSi, and are therefore not empty. By considering 
curves on the hyperplane {Imw = 0} connecting m+(0) with M-(0) (the solutions 
from before) and which are disjoint from iSi, we obtain infinitely many points in 7^1"! 
Tl\Si. 

By a simple scattering theory argument one can check that iS^ is path-wise con- 
nected, as is every slice of fixed energy of this set (all relative to "Hf). See [H] 
(7.15)-(7.19) for details. Therefore, S^ is its own connected component. To find 
a curve connecting to 00 in H^ within that set, follow a solution in Bi_ fl S^ to 
blow-up time. This concludes the proof of Theorem 11.11 
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7. Construction of the center-stable manifold in the energy 

topology 

We construct a center-stable manifold containing the ground state Q. All function 
spaces will be radial. Moreover, Bs{Q) denotes a (5-ball in the energy space centered 
at Q. In contrast to Section |2l we work with the matrix formalism usually employed 
in asymptotic stability theory; the latter is of course closely related to the formalism 
of Section |2] but since we build upon [51], [20], [1], [5] it is convenient to adopt the 
complex- linear point of view. In what follows. 



7/(a,7) 



a) 






(7.1) 



The following proposition constructs the center-stable manifold in a small neigh- 
borhood of Q. It should be compared to Definition II. 1( in fact, it provides much 
more detailed information than what is required by that definition. In Remark 17.11 
we extend Ai so as to cover all of 5, and Corollary 17.21 characterizes the stable 
manifold, which lies in A^. A word about notation: henceforth, 7 plays the role of 
a phase which has nothing to do with its previous usage, cf. (16. 2p . 

For results on asymptotic stability analysis in the subcritical, and thus orbitally 
stable case, see Buslaev, Perelman [9], [lO], Cuccagna [H], and Soffer, Wein- 
stein [52], [53]. See also Fillet, Wayne [50] . 

Proposition 7.1. There exists 5 > small and a smooth manifold A^ C H]^ with 
the following properties: S n Bs{Q) C A^ C Bs{Q), M. divides Bs{Q) into two 
connected components, and any initial data uq E Ai generates a solution of (II. ip 
for all t > of the form 

u{x,t) = e''^^^^Q{x,a{t))+v{x,t) Vt>0 (7.2) 

where 6{t) = — /q oi^{s) ds + ■y(t), 

II • II I II • II <^ x2 

||7l|LinL°°(0,oo) + ||tt||LinL°°(0,oo) ^ , 



sup[|a(t)-l| + |7(t)|]<<5 

t>0 



(7.3) 



The function v is small in the sense 

||'i^||Lj°°{(0,oo);Hi(ffi3)) + ||^||L2({0,oo);iyl>6(K3)) ^ ^ (7-4) 

and it scatters: v(t) = e~**^foo + 0/^i(l) as t —)■ oo for a unique Voo G H^. 

M. is unique in the following sense: there exists a constant C so that any uq G 
Bs{Q) satisfies Uq E M. if and only if the solution u{t) of (II. ip with data Uq has 
the property that dist(M(t),iSi) < C6 for all t >0. 

Proof. Inserting (17. 2p into (II. ip yields 

^^t(J^ +^W(J1) =iimt)-^<^itMt) + N{t,v,v) (7.5) 



where 

r''''^''>Q\;a{t)) A + 2Q\-,a{t)) 



n{t) 



(7.6) 









*^Wg(-,a(t))U 



If Pf 
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as well as 

««'-(^_e-iW)Q(.,c(i))j' 'W 

and 

Next, set 

v{t) = e*'»Wu;(t), ^o(t) = - / a\s) ds. 

Jo 

Then (17. 5p turns into 

idtW + n^{t)W = i{t)i{t) - ia{t)r]{t) + N^{t, W) 
where W = (^), and with vr = (a, 7), 

as well as 

and 

K{t,W) 



-e-nit)Q(.,a{t)) 






e*^Wa„Q(-,a(t)) 
e-^W5„Q(-,a(t)) 
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(7.7) 

(7.8) 

(7.9) 
(7.10) 
(7.11) 

(7.12) 



(7.13) 



2e^^WQ(-,a(t))|M;|2 + e-^TWQ(-,a(t))«;2 + |w|2u; 
-2e-*^Wg(-,a(t))|w|2-e^^Wg(-,a(t))w2-|w|2w, 

At this point we remark that all manipulations which we perform in this proof on 
(17. 5p and (I7.10p preserve the "admissible" subspace {(j) | / : M^ — t- C}. This is 
necessary in order to return to the scalar formulation (17. 2p . In other words, the 
second row of these systems can be viewed as redundant, as it is always the complex 
conjugate of the first. 

be the third Pauli matrix, and set ^*(t) = cr3^(t), ri*(t) = a-iTjit). 



Let o"3 







Impose the orthogonality conditional 

{W{t),C{t)) = 0, (H^(t),r/*(t)) = Vt > 



(7.14) 



Note that this imposes a condition on the data at t = 0. However, by the inverse 
function theorem there is a unique choice of a(0) and 7(0) in a (5-neighborhood 
of (1,0) so that (I7.14P is satisfied; the needed nondegeneracy here is provided by 
{Q\daQ) ^ 0. Since n^{t)*C{t) = and H^{t)*'q*{t) = -2aC{t), as well as 
{m,C{t)) = {vit),V*{t)) = 0, and {at),V*{t)) = {vit),C{t)) = 2{Q\d^Q) ^ 0, 
one obtains from (I7.10p that 

-za{t){r^{t),C{t)) = -^{W{t),C{t)) - {N^{t,W),C{t)) 



'^Henceforth, we write (•, •) for the standard inner product in L^(M'^;C^), whereas (-I-) is the 
inner product from Section [51 



28 K. NAKANISHI AND W. SCHLAG 

The system fl7:T0D . (EH]), f l7J5|) determines the evolution of v{t), a(t), 7(t) in (Q- 
In fact, it suffices for f l7.14p to hold at one point, say t = since it then holds for 
all t > 0. More precisely, one needs to find a fixed point to this system consisting 
of a path 7r(t) = (a(t),7(t)) as well as a function Q), or equivalently, W satisfying 
the system as well as the bounds (17. 3p . fl7.4p . 

We begin with the stability part of the underlying contraction argument, i.e., we 
turn (17. 3p and fl7.4p into bootstrap assumptions and then recover them from this 
system. Thus, suppose ttq = (ao,7o) and Wq are given so that (17. 3p and (I7.4p hold 
and consider the following system of differential equations: 

tdtW + u^Mw = HtMt) - ^<y{t)vo{t) + N^oit, Wo) 

j{t){Ut),vm) = -^{W{t),rJ*{t)) - {N^,{t,Wo),vm) 
-za{t){vo{t),Q{t)) = -^{W{t),Q{t)) - {N^,{t,Wo),Co{t)) 

Wo),a(o)) = o, {wio),vm) = o 

where ?^^q, ^q, rjo and Nj^^it, Wo) are defined as above but relative to the given func- 
tions 7ro,Wo. The initial conditions are a(0) = ao(0), 7(0) = 7o(0); in addition to 
the final equation in (I7.16p . W{0) needs to satisfy a further codimension-1 condition 
which will be specified below. 

We begin with the d,7 part of (17.161) . The W appearing on the right-hand side 
will be seen later to satisfy (I7.4p : for the moment, we will simply assume this bound. 
To be more specific, rewrite (17.30 and (I7.4p in the form 

||'w||L?°Him3) + II'"IIl?vki.6(m3) ^CiS 



and assume that Cq ^ Cf. Inserting these bounds in the right-hand side of (17.151) 
yields 

Wih^nL- + Ml^hl^ < CoCi S' + Cl 5^ « Co 5^ 

provided 5 is small. One can thus recover (I7.17p . The bound on v (or W) is more 
delicate. Since we are in the unstable regime, (I7.10p is exponentially unstable. More 
precisely, write 

^,ro(t)='Ho + ao(t)(X3 + /^o(t) 

with the constant coefficient operator l-io = 7^(00(0), 7o(0)), see (17. ip . and ao(t) = 
doit) — ao(0)' ^s well as Do(t) equaling 

-2iQ\; ao{t)) - Q\; ao(0))) ~e'^^<-^('^Q\; ao{t)) + e'^''^^'^ Q\- , «o(0)) 
e-2^^oWQ2(., aoit)) - e-^^^o(o)Q2^.^ ^^(q)) 2(g2(., «o(t)) - Q'i; ao(0))) 

Note that ||ao(')lloo ^ <^^ and ||(x)^Do(')lloo ^ <^^ for any N provided the condi- 
tion (D holds. 

Proposition IB. II in Section [B] details the spectral properties of Tio for the case 
a(0) = 1 and 7(0) = 0. The more general case here follows by means of the rescaling 
/ I—)- af{ax), as well as a modulation by a constant unitary matrix. Following the 
notation of Proposition IB. II one writes 

W{t) = A+(t)G+ + A_(t)G_ + Wi{t) (7.18) 
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where {Wi{t),a3G±) = for all t > 0. One needs to apply the aforementioned 
rescaling and modulation to G± and fi with the fixed parameters ao(0), 7o(0), which 
means that fi = /i(ao(0)), G± = G±(ao(0),7o(0)). We remark that A± as defined 
in f l7.18p are real- valued. Indeed, since ||G±||2 = 1 and G+ = (p-) = G_, the Riesz 
projections associated with the eigenvalues ±ifj, can be seen to be 

- - ^''^^^^^ G±, (7.19) 



{G±,asG^) 
where {G±,a3G^) G zM\ {0}. Therefore, 

{G±,a3G^) {G±,azG^) 

and similarly for A_. 

We now rewrite the VT-equation in (17.16^ in the form 

iX+{t)G+ + a_(t)G_ - i/iA+(t)G+ + i/iA_(t)G_ 

= -D^{t)W - ao{t)asG+ - ao{t)asG^ 

+ i{t)Ut) - Mt)Tlo{t) + N^oit, Wo) =: F{t) 



(7.21) 



Denote by P±, Pq the Riesz projections onto G±, and the zero root space, respec- 
tively. Note that these operators are given by integration against exponentially 
decaying tensor functions. Moreover, we write 

Pc = l-P+-P--P0 = Preal - ^0 (7.22) 

for the projection onto the continuous spectrum. Applying the projections P± 
to (17121]) yields the system of ODEs 

(A+(t) - M+W)G+ = mo(t)P+(a3W^i) - tP+F{t) 
(A_(t) + ^A_(t))G'_ = taoit)P^{asWi) - iP_F{t) 

For "generic" initial data A+(0) the solution A+(t) grows exponentially. However, 
there is a unique choice of initial condition that stabilizes A+ (i.e., ensures that it 
remains bounded) leading to the determination of the codimension one manifold. 
It is given by means of the following simple principle: suppose x{t) — fix(t) = f(t) 
with / G L°°{{0, oo)). Then x G L°°((0, oo)) iff 

POD 

= x(0)+ / e-^'f{t)dt. (7.24) 

Jo 

Thus, 

/■oo 

= X+{0)G+ + % \ e-*^[ao(t)P+(a3W^i)(t) - P+F(t)] dt (7.25) 

Jo 

is that unique choice. (I7.25P has the following equivalent formulation 

/oo 
e-(^-*)^[ao(t)P+((73W^i)(t) - P+P(t)] ds (7.26) 
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For A_(t) we have the expression 

A_(t)G_ = e-^*A_(0)G_ + i I e-^'-'^^'[ao{t)P^{a^Wi){t) - P-F{t)] ds (7.27) 

Jo 

Via (17.191) one checks that \± as defined by these equations are real-valued. To 

determine the PDE for Wi = PreaiW^i = Pve^.\W, we write Wi = P^i + PqWi = 

W^disp + W.oot. Then 

idtW^ispit) + (-Ho + ao(t)o^3)W^disp = PcFit) - a{t)\a^, P+ + P- + Po]Wi (7.28) 

The sought after solution 

(«(t), 7(t), A+(t), A„(t), W,^ot{t), Wdisp(t)) (7.29) 

is now determined from the second and third equations of 07.16P , from (I7.26P , 07.27P , 
and (I7.28p . The root part is controlled by the orthogonality conditions 

{W,Co){t) = {W,rj;)it) = Vt>0 (7.30) 

The main technical ingredient for the dispersive control of (I7.28P is the Strichartz 
estimate of Lemma IB.2t see Section [Bl The existence of the solution (I7.29P is not 
entirely trivial since the determining equations contain these functions linearly on 
the right-hand side. However, they occur with small coefficients which allows one 
to iterate or contract; we skip those details. The solution obeys the estimates (17. 3p . 
(I7.4p . While (17. Sp has already been established in this fashion, (I7.4p is obtained as 
follows. Assuming again (I7.17p . one concludes from (I7.26P and (I7.27p that 

||A±|UoonL2 <6 + {Co Ci6 + Co + C!)6^ < Ci 6 (7.31) 

provided 6 is sufficiently small. Via Lemma iB. 21 we conclude that Hiydisplls ^ Ci^ 
where S is the Strichartz space in (I7.4p . Finally, now that the path (a(t),7(t)) 
has been determined, as well as A±(t), Wdispit), the orthogonality conditions (I7.14p 
determine PVroot which also satisfies ||PVroot||s ^ Ci^- From these estimates, we 
conclude (I7.4p via bootstrap as claimed. 

The manifold is determined by (I7.25P as a graph, once a fixed point (vr, W) = 
(ttq, PVo) is obtained. More precisely, for fixed (a(0),7(0)) we prescribe initial con- 
ditions iy(°) e H\ ||iy(°)||Hi < 5 for (jnSD such that PqW'-^^ = as well as 
P^l^(o) = where the projections are relative to 7/(q;(0),7(0)). Such data are 
linearly stable. The condition (I7.25P takes nonlinear corrections into account and 
modifies the data in the form 

W{0) = W^°'> + h{7ro,Wo,W^^'>)G+ (7.32) 

where h{7ro,Wo,W^^^) = A+(0) is real-valued and satisfies \h{7ro,Wo,W^^^)\ < 6\ 
Since 7r(0) = vro(O) by construction, once we have found a fixed point, we can write 
h{no,Wo,W'^^^) = /i(ao(0),7o(0),iy(°)) where the latter is smooth in VT^ in the 
sense of Frechet derivatives. Moreover, the bound 

|M«o(0),7o(0),W^(°))|<||W^(°)||?,i (7.33) 

will hold. This shows that (I7.32p describes a codimension-three manifold which is 
smoothly parametrized by W^^^ and tangent to the subspace of linear stability. To 
regain the two missing codimensions, we vary (ao(0),7o(0)) in a ^-neighborhood 
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of (1,0). In other words, we let the dilation and modulation symmetries act on 
the CO dimension-three manifold. Since these symmetries act transversely on the 
manifold (for the same reason that allowed us to enforce (I7.14p at t = by modifying 
the data), we obtain a smooth co dimension-one manifold which will be parametrized 
by 

(«o(0),7o(0),W^(°)) eil-6,l + 6)x (-5,6) x Bs 

where Bs is a 5-ball in H^. This is then the sought after Ai. 

Thus, one needs to find a fixed point for the system (17.161) via a contraction 
argument. The contraction argument is slightly delicate as it involves solving this 
system with two different but nearby given paths vr^ , j = 0, 1 which therefore 
define different Hamiltonians via (17. lip , and therefore also different orthogonality 
conditions (I7.14p . Note that phases of the form ta"^ and ta'^ diverge linearly if 
o? ^ cP' . This make it necessary to employ a weaker norm than the one used in the 
previous stability argument, see (17. 3p . (I7.4p . 

In order to carry out the comparison between two solutions, we work on the level 
of (I7.5p rather than with the aforementioned W^-system. Thus, consider two paths 
7r°(t) = (a°(t),7°(t)) satisfying (I7.3P and with ttq (0) = vrj (0), and the associated 
equations with Z = (!!) 

tdtZ + U^{t)Z = 7,(t)0(t) - ia,{t)^,{t) + iV,(t,t;°,uO) (7.34) 

for j = 0, 1, see (17. 5p . Here Hj, ^j, r]j and Nj{t,v,v) are defined as in (17. 6p . (I7.7p . 
(17. 8p but relative to the paths 7r°(t). Moreover, the function f° are given and 
satisfy (17. 4p . and we impose the orthogonahty conditions, see (I7.14p . 

(Z(t), a;l{t)) = {Z{t), o-3^,(t)) =0 V t > (7.35) 

The initial conditions for the paths are vro(O) = vri(O) = vTq (0), whereas for Zq, Zi 
one invokes (I7.32p as follows: fix Zq G 5^(0) so that PqZq = P+Zq =0 and set 

Zo(0) = Zf + hinl <, <))G+ 

Zi(o) = zr + M<iy°,<))G+ 

This choice guarantees that (I7.35P holds at t = 0. By the preceding stability 
analysis, (I7.34p and (17.351) then define unique solutions [jij.Z^ satisfying fl7.3p 
and (I7.4p . Differentiating (I7.35P in combination with (I7.34p yields the modulation 
equations (I7.15p . Thus, we rewrite (I7.34p in the form 

%dtZ, + U^ {t)Z, = -iLj {t)Zj + Nj (t, t;°, U°) (7.37) 

where Nj incorporates both Nj and the nonlinear term in (I7.15p . The linear term 
Lj{t)Zj is of finite rank and corank, and satisfies the estimates 

\\L,{t)Z,\\w^,,<\\Z,\\HA^%t)\ (7.38) 

for any 1 < p < oo and A; > 0. Combining this pointwise in time bound with (17. 3p 
yields the full estimates on Lj(t)Zj. By construction, any solution of (I7.37P which 
satisfies (I7.35P at one point, say t = 0, satisfies (I7.14p for all t > 0. 
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The difference R := Zi — Zq satisfies 

tdtR + no{t)R = -zLi{t)R - iVo(t,^o,^) + Niit,v^„lfl) 

+ (Hoit) - ni{t))Z, - %{U(t) - Lo{t))Zo =: F 

whereas the difference of the paths vr = tti — ttq is governed by taking differences 
of the third and fourth equations, respectively, in f l7.16p for j = 1,0. We estimate 
{R, tt) in the norm, with p > small, fixed, and to be determined, 

||(i?,7r)||y := ||e-*''i?|U^((o,oo);L2) + ||e"*''7r|Ui((o,oo)) (7.40) 

To render this a norm, one fixes 7r(0) = 0, say. Note that some measure of growth 
has to be built into || ■ ||y, since Tioit) — Tiiit) and -^i(t) — Lo(t) grow linearly in t. 
Next, we perform the same modulation as above, i.e., 

'e-<(*) 



W{t) 



e*^o(*) 



R, 9^,{t) = - rK(.))2rfs 
Jo 



Denoting the matrix here by Mo(t), W satisfies the equation 

tdtW + {-Hoit) + (a°(0)) Vs)!^ = MoF (7.41) 

To obtain estimates on fl7.4ip . we write 

Ho{t) + («o(0))V3 = 7/° + a(t)(T3 + D{t) 

with the constant coefficient operator T-Lq = 'H(a;Q(0),7Q(0)), see (17.11) . and a(t) = 
{aQ{t)Y — (aQ(0))^, as well as D{t) equaling 

-2(Q2(., am - Q\; «S(0))) -e2^^S«Q2(-, a^ + e'''oWQ2^.^ ^o^q))' 
-^'^o°Wq2(.^ ^O(^)) _ e-2ng(o)g2(.^ ^O(o)) 2{Q\., am ' Q'i; «S(0))) 

One has ||a(-)||oo ^ <^^ and ||(x)^D(-)||oo ^ ^^ for any A^ as before. At this point 
the analysis is similar to the one starting with fl7.18p . Indeed, writing once again 

W = X+G+ + X-G- + W,oot + IVdisp 

where the decomposition is carried out relative to "Hq, one inserts this into (17.410 and 
proceeds as before. The two main differences from the previous stability analysis 
are as follows: (i) the stability condition (17.251) holds automatically here, since we 
know apriori that A+ remains bounded; indeed, we chose Zi, Zq to each satisfy (17.251) 
whence (I7.4p holds for each of these functions, (ii) the orthogonality condition (17.141) 
does not hold exactly in this form, since it is obtained by taking the difference of 
the orthogonality conditions satisfied by Zi and Z^. But this is minor, since the 
error one generates in this fashion is contractive. 

Applying the dispersive bound of Lemma IB. 21 (here we need only the L^ part) 
to Wdisp yields via a term- wise estimation of the right-hand side of (I7.39p . 

\\R{t)h<6e'^\\{R',-Rln',-n'l)\\y + 6 f\\R{s)hds 

.oo -^^ (7-42) 

+ 6 e'^^'''^\\R{s)hds 
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where i?° = (!!j) for j = 0, 1. Recall that the initial conditions for R are determined 

i 

by (17.361) . The final integral in fl7.42p is a result of the A+ equation (I7.26P . Assuming 
/x(ao(0)) > p ^ (5, Gronwall's inequality implies 

supe-^^pWIb < 5p-iK - vlX - 7r?)||y (7.43) 

t>0 ^ ' 

as desired. Next, one estimates the vr equation with initial condition 7r(0) = 0. The 
conclusion is a bound of the form 

||(i?,vr)||y + |/^K^<,<))-M<,<,<))|<<||K-<7^°-7^?)||y (7.44) 

which proves the desired contractivity. See [5] for more details on these esti- 
mates. Hence, one has a fixed point of (17.161) as well as a well-defined function 

^(^o(0)' ^0 )• This concludes the proof of the existence part. 

Next, we turn to scattering. In contrast to the previous analysis, we do not 
linearize around 7{(a(0),7(0)), but rather around 7{(a;(oo),7(oo)). Thus, consider 
the system (TTT^ . fTm]) . fl?:^ . ([72ZD, fTT^ with a{t) = a'^{t)-a^{oo), F defined 
by (17.211) . and D{t) equaling 

-2(g2(., a{t)) - Q\; «(oo))) -e2^^Wg2(., «(t)) + e'^^^^^Q'{; a(oo))] 
e-2nWg2(.^ ^(^)) _ g-2n(oo)g2(.^ ^(^)) 2(g2(., a(t)) - Q^(., a(oo))) 

(7.45) 

Thus, a{t),D{t) — )■ as t — )■ oo. This ensures the vanishing at t = oo of the 
first three terms of F{t) in (I7.2ip . The fourth and fifth terms of F vanish in the 
L^{T, oo)-sense as T — )■ oo by (17. 3p . whereas the nonlinear term N{t, W) vanishes 
in the sense of Strichartz estimates. Therefore, (17.260 . (I7.27P imply that X±(t) — )■ 
as t — )■ cxD. Hence, in view of the scattering statement in Lemma [B. 21 one has the 
representation in H^ 

Wdispit) = e^-3/o'(-AW(oo)+a(s))ds^^ ^ ^(^) 

, ^ (7.46) 

as t — )■ oo. The modulation in (17.90 removes the a^(s) in the exponent once we 
return to the v representation. Finally, by the orthogonality conditions Wroot(^) — > 
0. In summary, we have obtained the desired scattering statement for v in (17. 2p . 

Finally, to obtain the uniqueness statement let u{t) be a solution with ■u(O) G 
Bs{Q) and with the property that dist('u(t),iSi) < 6 for all t > 0. We claim that 
there exists a C^-curve {a{t),6{t)) G (1 — 0{6),1 + 0{6)) x M which achieves 

{uit) - e*^WQ(-, a(t)) |e^^WQ(-, a(t))) = 

(n(t) - e*''Wg(-, a(t))|ze*''«9,g(-, a(t))) = 

for all t > 0, as well as 

sup||w(t)-e^^«g(-,«(t))||Hi<<5 (7.48) 

In fact, by definition there is a C^-path 9{t) eM. so that 

sup||w(t)-e'^Wg(-,l)||^i<(5 
oo 



(7.47) 
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This shows that one can fulfill (17.471) up to 0{6). Next, one uses that \{Q\daQ)\ — 1 
for all a ~ 1 and the inverse function theorem to show that {a = 1,6) can be 
modified by an amount 0{6) so as to exactly satisfy ( I7.47P without violating (]7.48p . 
Furthermore, by chaining one concludes that this procedure yields a well-defined 
path {a, 9) which is C^, as claimed. Next, define 

9Q{t) = - [ a'^{s)ds + 9{0) 



and set 7 = ^ — ^0- Now write 

u{t) = e''(*)Q(-, a{t)) + v{t) = e''^'^Q{-, a{t)) + e''''^'^w{t) (7.49) 

This then allows one to rewrite (17.471) in the form 

(e^^WQ(-,«(t))|M;(t)) = 0, {te'"'^'^d^Q{;a{t))\w{t)) = (7.50) 

As before, consider W = (!^), and perform the decomposition (I7.18p . Inserting 
(17:4911 into (O) yields, cf. (ES]), 



^^ti_\ +n{t){\ = {9{t) + a'{t))^{t) - ta{t)^{t) + N{t,v,v) (7.51) 

where T-L,^,?], and A^ are as in (17. 6p . (17. 7p . (17. 8p . Furthermore, with W = (!^), 

idtW + H{t)W = 'y{t)^{t) - ia{t)r]{t) + N{t, W) (7.52) 

see (I7.10p . (17.120 . (I7.13p . The orthogonality conditions (I7.50p are of the form 

{W{t),C{t)) = 0, {Wit),r]*it)) = (7.53) 

which is identical with (I7.14p . This places us in the exact same position that we 
started from in the existence proof. Thus, the decomposition (17.491) is such that 
(17. 3p and (17.41) hold. The only difference here is that we know apriori that A_|_(t) is 
bounded. However, (I7.24p guarantees that therefore (I7.25P holds which forces the 
solution to lie on Ai as desired. D 

Remark 7.1. Denote the manifold constructed in Proposition 17.11 by A^i,o- The 
same construction can be applied to e^"'Q{x, a) instead of Q for any 7 G T = R/Z 
and a > 0, yielding a codimension one manifold in the phase space Ti which we 
denote by J^a,-y By the uniqueness part of Proposition 17.11 one concludes that 

a>0,76T 

is again a smooth manifold, which contains all of S. By the proof of Proposition [7]T] 
it is smoothly parametrized by (a;(0), 7(0), 1^(0)) where Po(«(0),7(0))IV(0) = 
and P+{a{0),j{0))W{0) = and W{0) needs to be small enough. 

It has the property that any uq G Ais leads to a solution of (II. ip defined on 
t > which scatters to iS as t — )■ 00 in the sense of Definition 11.11 We emphasize 
that this is not the manifold (5) U (7) U (9) appearing in Theorem II. 2 [ Rather, that 
manifold is the maximal backward evolution of A4s under the NLS fiow. Note that 
Aisy thus extended by the nonlinear fiow, is again a manifold. 
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The following characterization of the stable manifolds will be needed in the proof 
of Theorem II .31 It precisely captures the case where the radiation part (i.e., the 
difference between u{t) and the soliton in (11. 6p ) has vanishing scattering data and 
is therefore uniquely captured by A_(0). 

Corollary 7.2. Let Ms be as in (I7.54p . Suppose uq G Ms with M{uq) = M{Q) 
forward scatters to S in the sense of Definition \l.l\ so that (11.61) holds with u^o = 0. 
Then the solution u{t) of (II. ip with data uq approaches a soliton trajectory in Si 
exponentially fast. Moreover, the solution is uniquely characterized by 7oo G S^ and 
a real number Aq with |Ao| ^ S. The case where u is an exact soliton is characterized 
by Ao = 0. 

Proof. This follows from the construction carried out in the proof of Proposition 17. H 
but with "Ho = ^('^(oo),7(oo)) as the driving linear operator; see that part of 
the proof dealing with scattering. By (II. 7p . a(oo) = 1. In fact, consider the 
representation 

W = A+G+ + A_G_ + iy,oot + W^disp 
relative to this choice of Hq, and solve the system (17.151) . (I7.14p . (I7.26p . (I7.27p . 
fTT^ with a{t) = a^{t) - a\oo), F defined by rTTDf . and D{t) given by ^7M\f . 
For (I7.15P one assigns the terminal conditions a(oo) = Ooo = 1, 7(00) = 700, 
for (I7.27P we impose the initial conditions A_(0) = Aq, and (I7.28P is solved with 
scattering data Woo = 0, cf. (I7.46p . Note that A+ does not require any further 
data, see (17.261) . Similarly, Wmot is determined by (17.141) . The point is that we can 
solve the aforementioned system for (a(t),7(t)), and W{t) satisfying (17.31) . (I7.4p by 
contracting in the strong norm 

||(iy,7r)||y := ||e*W|U^^((o,oo);L2) + ||e*^7T|Ui((o,oo)) (7.55) 

for suitably chosen and small p > 0. Note the contrast to (I7.40p . In the case of (17.401) 
the exponentially decaying weights forced us to start from t = when carrying out 
the contraction argument. In the case of (I7.55p . however, we can solve for Wdisp 
from t = 00 due to the exponentially growing weights. It is essential, though, 
that for A- we can still start at t = 0; this is due to the fact that equation (17.271) 
contains exponentially decreasing functions (one therefore needs p < n but nothing 
else). In summary, 7i{t) — 7i{oo) decreases exponentially, as do a{t),D(t), A±, PKiisp, 
Wroot- This proves the exponential approach to Si. Since a^{t) — a^{oo) — )■ and 
7(t) — 7(00) —7- at an exponential rate, u(t) in fact converges to a soliton trajectory 
in Si exponentially fast. The case of an exact soliton is given hj W = 0, which the 
contraction argument characterizes as A_(0) = Aq = 0. D 

8. Proof of Theorems [Q fTTSl 

Proof of Theorem \1.2[ We may rescale any solution to mass one. If u is trapped 
by Si, then provided e <^ 6, where the latter is from the previous section, one 
concludes from the uniqueness part of Proposition 17. II that u G Ms for large times 
(see Remark 17. II for the definition of Ms)- Conversely, every solution starting on 
Ms is trapped. Therefore, the set (5) U (7) U (9) is the maximal backward evolution 
of Ms, see Remark 1 7. H whereas (6) U (8) U (9) is the maximal forward evolution 
of Ms (complex conjugate). If we reverse time and conjugate, then the stable 
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and unstable modes X± are interchanged. This means that the intersection of the 
center-stable manifold as t — ?■ oo with the corresponding one for t — t- — cxd intersect 
transversely in a smooth manifold of codimension two, i.e., the center manifold. D 

Proof of Theorem \1.3[ Let m be a solution with M{u) = M{Q). By assumption, 
E{u) < E{Q). If E{u) < E{Q), then [31] show that either u scatters at ±00, or 
blows up in finite time in both directions. Therefore, assume that E{u) = E{Q). If 
u blows up in finite negative time, then K{u{t)) < for some t < 0. li u were to 
scatter at t = +00, then K{u{t)) > for some t > 0. But then K{u{tQ)) = for 
some to, which implies that u{t) = e**^~*+^°)Q which is a contradiction. Thus, the 
sets (3) and (4) are empty. Now suppose u is trapped by 5 as t —t- 00. Then for 
large times u needs to lie on A^i,-^ for some 7, see f ll.7p : in particular, Ooo = 1- Since 
E{u) = E{Q), it follows from Corollary 17. 2l that u is uniquely described by (700, Aq). 
Fixing the symmetry parameter 700, we see that the solution is described by the 
single real-valued parameter Aq. If Aq = 0, then necessarily u{t) = e*^~*"'"'''°°-'Q. 
Therefore, Aq 7^ and the sign of this parameter uniquely determines the sign 
of K{u(t)) upon ejection as in Lemma [373| deciding the fate of u(t) for negative 
times. This shows that one obtains two one-dimensional manifolds which approach 
soliton trajectories from Si in the H^-hottsi as t — )■ 00 exponentially fast, but 
which either blow up in finite negative time, or scatter to zero as t — )• —00. Since 
time-translation leaves these manifolds invariant, it follows that they have the form 
described in Theorem II. 3 [ D 

Appendix A. Some tools from scattering theory 

The NLS equation f 1 1.11) is subcritical relative to H^{M.^) and critical relative to 
if 2(m3). There is a classical local well-posedness theory for (11. ip for data of these 
regularity classes, see [H] as well as [31j. We work on the level of H^. As usual, we 
say that (g, r) is Strichartz admissible in M^ if 



and we set, using 



2 3 _ 3 

q r 2 



Ms = sup \\U\\L^^Lr 

(g,r) admissible 
2<r<6, 2<q<oo 



The following small data scattering lemma is standard, and we leave the proof the 
reader. 

Lemma A.l. Letu be a solution of fll.ip inM.^ on a time-interval I . If there exists 
to E I with ||Vu(to)||2 < f' where fx is a constant satisfying fj.M{uy^'^ <^ 1, then u 
extends to a global solution satisfying the global Strichartz bound 

l|VM||ic«i2 + ||VM||i2i6 </i (A.l) 

as well as 

IImIIl-li + \\u\\^L% ^ M(m)^/2 

In particular, u scatters: there exists Uo G H^ with \\u{t) — e~'^^^Uo\\m — )• as 
Itl — )■ 00. 
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For the cubic equation, one has the following version of the linear Bahouri-Gerard 
profile decomposition, see pQ, [2Z], as well as Lemma 5.2 of [31J and Proposition 6.1 
of [17] . All function spaces are radial. 

Proposition A. 2. Let {un}'^=i be a bounded sequence in H^ . Then there exist a 
sequence {v^}JLq bounded in H^ , and sequences of times t{ G M such that for any 
k>l one has the following property, after replacing {un}'^=i by a subsequence: let 
7^ defined by 

e-*V= $:e-(*+*^")V + 7^(t) (A.2) 

0<j<fc 

we have for any < j < k, 7^(— 1{) ^ weakly in H^ as n ^ oo, as well as 

lim limsup hnW^LU^xR^) = 0, lim |t^ - t^| = oo (A.3) 

K — ?00 Yi ^OO r CXj 

where (p, q) is any pair which can be obtained by interpolation^ of (some nonzero 
amount of) L'^L^ with L^Wl'^ fl L'^H].. In particular, {p,q) = (c)0,3) as well as 
(oo,4),(4,4) are such choices. Moreover, one has the following partition of the 
H^-norm: 

limsup ||m„||^i - ^ ||t;^||^i - hnllffi 

and the same holds for L? . 

Proof. One has u„ ^ f ° in H^ (henceforth, we pass to subsequences without further 
mention). By the compact radial imbedding H^ "-^ L^ ior 2 < p < 6 one then has 
strong convergence in L^. Set t° = 0. Passing to u„ — f°, we may assume that 
Un -^ 0. Clearly, 7^(t) = e~^^^Un satisfies 7^(0) ^ as claimed. If 

liminf \\e-''^Un\\L^L-i = 0' (A.5) 

then the process terminates. Otherwise, pick ti^„ so that L^ in f lA.SP is attained at 
those times. Then e~**^'"^M„ ^" f ^ 7^ by the aforementioned compact imbedding. 
Since m„ ^ 0, we must have |ti,n| — )■ 00 as n — )■ cx). The process now repeats 
inductively in a standard way, see for example [31], [1?]. D 

Next, one has the following perturbation lemma, cf. Lemma 6.2 in [47], and 
Proposition 2.3 in 



0' (A.4) 



Lemma A.3. There are continuous functions z/q, Cq : (0, 00)^ — > (0, 00) such that 
the following holds: Let I G M. be an interval, u,w ^ C{T, H^) satisfying for some 
A,B > Q and to e I 

||m|U-(/;//i) + \\w\\L^(i-m) < A, 11^11^4(^.^4) < B, (A.6) 

whereeq{u) := idtu — /\u — \u\'^u and similarly for w , and'jo := e~*^*~*°''^(M — w)(to)- 
Then we have 



\u — w 



lohrLiii) < Co{A, B)u, \\u - w\\Lf^(i) < Co{A, By/'. (A. 



One could use here L'^L^. for 4 > p > 2. 
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Proof. We fix a L^-admissible Strichartz space Z := Lf{r, L^) and 

'J := u — w, e := {idt — A){u — w) — \u\'^u + \w\'^w = eq{u) — eq{w). 
There exists a partition of / fl [to, C)o) such that 
to < ti < 



< t„, < oo, 



max \\w\\Lf(i^-Li) <S, n< C{B,6). 

0<j<n t\ J' xj 



We omit the estimate on / fl (— oo,to) since it is the same by symmetry. Let 
7j(t) := e~*'^*~*J^^7(tj). Then the Strichartz estimate apphed to the equations of 7 
and 7j4.i imphes 

h-lj\\z{i,) + ||7i+i-7jl|z(R) < |||w + 7|^(w + 7) - \w\^w + e\ 



^t i^j't^x ) 



<A6\\j\\zii^) + A 



5 



(A.9) 



where in the second step the Holder inequahty was used in t and in x, together with 
the Sobolev H^ C L^.. Hence by induction on j and continuity in t, one obtains 
provided A6 <t^ 1, 

||7lU(/,) + ||7,+ib(/) < (2C)V < (2C)V « 5, (A.IO) 

provided that z/o(A, 5) is chosen small enough. Repeating the estimate ( JA.9P once 
more, we can bound II7 — 'Jo\\l°°lI as well. The bound in L^^ is obtained by the 
interpolation 



\ul 



< 



1/3 



IklL^iyi/a.s < ||M||rooj:^i|| 



Mz 



(A.ll) 



and we are done. 



D 



Appendix B. Spectral properties and linear dispersive estimates 



We begin with a result on the spectral properties of H, see (17.1 p with a(0) = 1, 
7(0) = 0. As usual, Q = Q{-, 1) for simplicity. We view all operators in this section 
as complex linear ones. Then 

-_A + l-2Q2(.,i) -Q\;l) 

Q\;l) A-l + 2Q2(.,i 



n 



is conjugate to 



where 



-1 r 


n 


1 


2 " 


= i 


[—i i\ 




[1 


—i\ 













(B.l) 



L+ = -A + 1 - 3g(-, 1)2, L_ = -A + 1 - g(-, 1)2 

The equality (IB.ip is to be considered as one between complex linear operators. 
However, it is also natural to view the left-hand side as acting on vectors (^^) with 
ui, U2 real- valued. In that case the right-hand side needs to be rewritten as 

\L+ 1 _ 
.0 Lj 

This is exactly the point of view taken in Section [21 where C is considered as 
a real-linear operator. The spectral properties of L+,L_ and especially "H are 
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quite delicate. The following result summarizes what can be obtained by a rigorous 
analysis, see [SI], [20], [22], supported by numerics, such as [TB] and [H]. In the work 
of Marzuola, Simpson [5T] numerics is used to assist index computations of certain 
quadratic forms in the spirit of the virial argument of Fibich, Merle, Raphael [2T] . 
For simplicity, we restrict ourselves to the Hilbert spacqj L^^^(]R^) in Proposi- 
tion EH 

Proposition B.l. The essential spectrum of Ti is (— oo, — 1] U [1, oo) and there 
are no imbedded eigenvalues or resonances in the essential spectrum, the discrete 
spectrum is of the form {0, ifi, —ifj.} where /x > with ±ifi both simple eigenvalues, 
the root-space at is of dimension two, and the thresholds ±1 are neither eigenvalues 
nor resonances. In explicit form, the root space is spanned by 

and one has "H^o = ^,'H^Vo = 0. Let 'HG± = ^ifiG± with the normalization 
\\G±\\2 = 1- Then the eig en functions G± are exponentially decaying and of the form 

Proof. The description of the root space of l-i goes back to ^60j. The imaginary 
spectrum was identified in [51], and for the exponential decay of the corresponding 
eigenfunctions see [32] • See Grillakis [26], [2Z] for niore on the discrete spectrum. 
All these results are based on purely analytical arguments. The fact that % does 
not have embedded eigenvalues in the essential spectrum was shown in [JT], assisted 
by some numerical computations. Their proof also implies that there are no non- 
zero eigenvalues in the gap [—1,1], and that the thresholds are not resonances. 
Alternatively, the latter two facts also follow by the analytical arguments in ^T\ 
combined with the numerics in 1161. D 



Next, we present a result for non- self adjoint Schrodinger evolutions which orig- 
inates in ^ (in fact, Beceanu proves a stronger result in Lorentz spaces). Let 
S = f] L^(M.~^,Ll) be the Strichartz space with 2<p<cxD, 2<g<6, and 



- + - = ^, and let S* be its dual. 

p q 2' 

Lemma B.2. Let a G L°°(]R) satisfy ||a||oo < cq for some small absolute constant 
Co. The solution ^ G C(M; L'^(R^)) n C^(M; H'^(R^)) of the problem 

idt^ + n^ + a{t)a3Pc^ = F eS\ ^(0) = ^o e ^^(K^) (B.3) 

where Pc is the projection corresponding to the essential spectrum of l-i, obeys the 
Strichartz estimates 

ll^c*lls< ||^o||l2(m3) + ||F||s. (B.4) 

Furthermore, if^Q G H"^ , then 

llVPe^lU < ||^o||hi(r3) + ||VF||5* (B.5) 



^The only change to Proposition IB . 1 1 is that % has a root-space of dimension eight rather than 



two. 
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Finally, one has scattering: there exists "^oo G H^ such that 

in H^ as t —)■ oo. 

Proof. We follow [1]. Clearly, the proof should be perturbative in a by nature, 
with a = being the nontrivial statement that Strichartz estimates (including the 
endpoint) hold for the equation 

idt^ + 'H-^ = F 

However, the latter has been established by several authors, see for example [H 
Theorem 1.3] and [T3]. Due to the lack of any physical localization of the a{t) 
term, the perturbative analysis is nontrivial. On the other hand, note that any 
perturbation of the form a{t)x{x) where the multiplier x is bounded L^(M^) — )■ 
L5(R^) can be taken to the right-hand side by virtue of the endpoint Strichartz 
estimate. 

To commence with the actual argument, consider the following auxiliary equation, 
with arbitrary but fixed 5 > 0, and Pd = ^d — Pc- 

idtZ + HPcZ + i5PdZ + a{t)a^ P,Z = F (B.7) 

with data Z{Q) = \E'o- We claim the Strichartz estimates for general data Z{0), 

\\Z\\s<\\Zm\LHR-^) + \\F\\s' (B.8) 

If so, then Z := P^Z satisfies Z{0) = Pc^o and 

idtZ + nZ + a{t)a3 Z = P^F + a{t) [a^, P,]Z (B.9) 

which is the same as the Pc projection of (IB. 31) . Thus, Pc"^ = Z and (IB. 811 
implies (iRi]) . Let A{t) = jQa{s)ds and write U{t) = e*^W'^^ Z{t) = U{t)^. 
Then (\B.7\i becomes 

idt<!> + U-\nPc + i5Pd)U^ = U-^F + a{t)U-^a^PdU^ =: Fi (B.IO) 

or, with $(0) = Z(0), 

idt^ + Ho$ = -U-\V - nPd + iSPd)U<^ + Fi (B.ll) 

The matrix operators "Ho, V are defined via: 



Ho 



-A + 1 
A- 1 



n = no + v 



Choose a smooth, exponentially decaying matrix potential V2 which is invertible 
and such that the operator 

V,:={V-nPd + t6Pd)V,-' 

is bounded from L^ — )■ L'^ for any 1 < p,q < oo. In other words, 

ViV2 = V-nPd + t5Pd (B.12) 
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with Vi, Vi being bounded from LP — )■ L^ for any 1 < p, g < oo. By Duhamel the 
solution to fIB.lip is 

$(t) = e'*«°$(0) - % f e'^'-'^'^''[-U-'ViV2U^ + F^]{s) ds (B.13) 

Jo 

Applying U(t) to both sides yields, since U commutes with the propagator of Tio, 

Z{t) = U{t)e'''^°Z{0) + i I e'^'-'^^''[U{t)U-^{s)ViV2Z{s) - U{t)Fi{s)]ds (B.14) 

Jo 

We introduce the operators 

ToF(t) := V2 f e'^'-~''^'^°ViF{s)ds 

\ (B-15) 

ToF(t) := V2 / e^(*-')^of/(t)f/(s)"ViF(s) ds 
Jo 

By the Strichartz estimates for the free equation, To,To are bounded on Lf^. By 

(EUD, 

V2Z = i%V2Z + y2f/(t)e^*^°Z(0) - iV2U{t) f e^(*-^)^°Fi(s) ds (B.16) 

Jo 

Suppose 

(Id-^fo)-i : Ll^Ll (B.17) 

as a bounded operator. Then (1B.16I) implies via the endpoint Strichartz estimate, 
see f lRTOl) . 

11^2^11^.^ < ||Z(0)||2 + llFilU* < 11^(0)112 + \\F\\s^ + co||V^2^||l?,, (B.18) 

To pass to the final estimate we wrote PdZ = PdV2^^V2Z and used that P^Vg"^ 
is bounded by construction. Inserting the resulting bound on \\V2Z\\x^2 back into 
(IB.14P yields the desired estimate (IB.Sp . It therefore remains to prove (1B.17P which 
will follow from 

(Id-zTo)-^ : Ll^Ll (B.19) 

provided we can show that ||To — To|| ^ 1 in the operator norm on L^^. This, 
however, follows from the pointwise dispersive estimate on e**^° which yields 

\\V2e'(^-^^''^(U{t)U{s)-'-l)V,F{s)\\2<\\a\\i{t-s)-^\F{s)\\2 (B.20) 

Thus, we have reduced ourselves to proving fIB.lQp . We introduce 

TiF{t) := V2 f e*(*-^)w^=-(*-^)^^<^riF(s) ds (B.21) 

Jo 

As for the meaning of Ti, first note that due to commutativity. 



^itHPc-tSPd ^ ^itHPc^-tSPa 



(e**«P, + P,)e-*'^^'' = e^*^P, + e'^'^^'^Pd ^^'^^^ 
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satisfies Strichartz estimates as in (IB.4p . see [3], [1], as well as [15]. Second, the 
solution to 

idtZ + HPcZ + iSPdZ = (B.23) 

can be written in two ways: 

Z{t) = e^*«^=-*^^''Z(0) 

ft CB 24) 

Z(t)=e'*^«Z(0) + z / e'^'~'^'^'\V -HPd + i5Pd)Z{s)ds 
Jo 

Thus, one further has 

giiWP.-t5P,^^Q) _ e^*^"Z(0) + I f e'^'-''>'^"{V - nPd + i6Pd)e''^^^~'^^^Z{0) ds 

Jo 

(B.25) 

Therefore, we conclude that 

ToTiF{t) = V2 f f e*(*-")^''(\/ - nPd + iSPd)e'^''''^^^^~^'-''^^^^ViF{si) ds^ds 
Jo Jo 

Jo 



(B.26) 
(B.27) 



or TqTi + i(Ti — To) = which implies that 

(Id-iTo)(Id + zTi) = Id 
On the other hand, 

TiToF(t) = V2 f f e*(*-^)w^c-(*-^)^^d(i/ _ -HPd + i6Pd)e'^'-''^'^"ViF{si) ds^ds 
Jo Jo 

= tV2 f r9,[e*(*-^)«^=-(*-^)'^^'*e*(^'^^)^°]rfsViF(si)dsi 

Jo Jsi 

Jo 

(B.28) 

whence TiTq + i{Ti — Tq) = which implies that 

(Id + iri)(Id-2ro) = Id (B.29) 

These identities hold in the algebra of bounded operators on Lf^, as justified by 
the endpoint Strichartz estimates. Thus flB.lOp holds and flB.4p follows. For fIB.SP 
one applies a gradient to flB.3l) . 

From fIB.lSp . we obtain the scattering of $ in the following sense: 

$(t) = e**^"$oo + o(l) t -^ oo (B.30) 

in H^ for some $oo ^ H^. Thus, 

P^^(t) = P^U{t) [e^*^°$oo + o(l)] = e^^W"3e**^«$oo + o(l) t -^ cx) (B.31) 

in H^, as claimed. D 
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For the reader's convenience, we prove some elementary Sobolev-type inequalities 
for radial functions used in this paper. For any radial smooth function u{x) = u{r) 
with compact support on R^, we have for any /? > 0, 

/•oo 

SUp|M(r)P</ \2uUr\dr <2\\Ur\\Ll{R,oo)\\u\\Ll{R,oo), (C.l) 

T>R Jr 

by Cauchy-Schwarz, where L^ denotes the L^ space for r G M without any weight. 
Also by partial integration, 

/•oo /"OO 

/ \u{r)\^dr < / 2\uur(r - R)\dr < 2\\ur\\v\R,oo)\Vu\\L2(R^^y 
Jr Jr 

Plugging the latter estimate into the former one obtains 

II II ^ oil l|3/4 II ||l/4 

II i|i^^ (.-fijooj — II ' IIL^(/J,oo) II IIL^(k,oo) 

Combining the above two estimates yields 

I { W^^ ^ II l|2 II ||2 ^ Qll ||5/2 II ||3/2 

\U\r)\ ar S II^IIl-(R,oo)II«IIl2(/j,oo) ^ ^ll"'-|lL2(i?,oo)ll™llL2(K,oo)' 



R 



and 



3/2 



I 5/2 



R 



u(r)| r dr < ||n||^^^(^^^)||rM||^2(^_^) < MM j^2jR^^)\\ru\\ /.^^^^^^ 



Interpolating the above two, we obtain 

/»CXD /•OO t*00 

/ \u{r)\^rdr < 4:v2 / \ur{r)\'^dr / \u{r)\'^r'^dr. 
Jr Jr Jr 

By a density argument this estimate extends to any radial u G H^(R^) 
more, 



/■CXD 

sup |M(r)p < / \2uUr\dr < 2R~'^\\rUr\\L'2 

r>R Jr 



(R,oo)\\ru\\L2(R,oo), 



(C.2) 
(C.3) 
(C.4) 

(C.5) 

(C.6) 
Further- 

(C.7) 



and so 

"OO 



^oo 

/ |M(r)|Vc?r < \\u\\lc^(^ji^^)\\ru\\l2^j^^^^ < 2R-^\\rUr\\LUR,oo)\\ru\\l2(^ji^^y (C.8) 
Jr 



Appendix D. Table of Notation 



symbols 


description 


defined in 


M{u),E{u) 


mass and energy 


dOD 


Ti, Ti^ , 7i%, T~L(5) 


energy space and subsets 


(I1.3P. (I1.4L (I3.4l|) 


Qi Qai '-') ^a 


solitons, soliton manifolds 


Section [1] 


Q'. 


derivative of Qa in a 


(I2.13h 


J{u), K{u), Giu), I{u) 


action and derived functionals 


(I23D, (USD 


C, L+, L_ 


M-linear linearized Hamiltonian 


(USD 


©±, A± 


unstable/stable modes of iC 


(12.121) 


C{w) 


super-quadratic part of J(n) — J{Q) 


(|2.21l) 


a, e 


modulation parameters 


mi 


■ We 


linearized energy norm 


(13.141) 
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dqiu) 


nonlinear distance to Si 


(13.151) 


Se, 6x 
e{u) 

6s 


smallness scales for ejection 
continuation of sign(i^(u)) to %[S) 
smallness scale needed for ©(u) 
smallness scales for 1-pass theorem 


Lemma |3.3| 
Lemma |3.5| 
Lemma |3.5| 
Theorem |4J4 (|4.3D 


vi, ui, 7^ 


Bahouri-Gerard decomposition 


Section [5] 


Pc, Po, P± 

M, Ma,f, Ms 


matrix Hamiltonian 
Riesz projections for % 
center stable manifolds 


dm 

dV.22|) 
Section [7] 


Co, Vo 
G± 


root modes of matrix Hamiltonian 
discrete imaginary modes of % 


(|b:2D 

Proposition |R.1| 
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